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Abstract

In this paper we study the problem of assignhing transmiseamiges to the nodes of a static ad hoc wireless
network so as to minimize the total power consumed underdhstraint that enough power is provided to the nodes
to ensure that the network is connected. We focus on the-RbWER SYMMETRIC CONNECTIVITY problem, in
which the bidirectional links established by the transiissanges are required to form a connected graph.

Implicit in previous work on transmission range assignmarder asymmetric connectivity requirements is the
proof that MN-POWER SYMMETRIC CONNECTIVITY is NP-hard and that the MST algorithm has an approximation
ratio of 2. In this paper we make the following contributiof) we show that the related IM-POWER SYMMETRIC
UNICAST problem can be solved efficiently by a shortest-path contigutén an appropriately constructed graph. (2)
we give an exact branch and cut algorithm based on a new inltagar program formulation solving instances with
up to 35-40 nodes in 1 hour; (3) we establish the similariteen MN-POWER SYMMETRIC CONNECTIVITY and
the classic SEINER TREEproblem in graphs, and use this similarity to give a polyredrtime approximation scheme
with performance ratio approachirig'3 as well as a more practical approximation algorithm withragpnation
factor 11/6; and (4) we give a comprehensive experimentalystomparing new and previously proposed heuristics

with the above exact and approximation algorithms.
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1 Introduction

Ad hoc wireless networks have received significant att@niiorecent years due to their potential applications in
battlefield, emergency disaster relief, and other apptinascenarios (see, e.g., [3, 8, 9, 15, 17, 21, 25, 29, 28]).
Unlike wired networks or cellular networks, no wired backbanfrastructure is installed in ad hoc wireless networks.
A communication session is achieved either through sihgletransmission if the recipient is within the transmissio
range of the source node, or by relaying through intermediatdes otherwise. We assume that omnidirectional
antennas are used by all nodes to transmit and receive sigHalis, a transmission made by a node can be received
by all nodes within its transmission range. This featureissenely useful for energy-efficient multicast and broadca
communications.

For the purpose of energy conservation, each node can ghodghamically) adjust its transmitting power, based
on the distance to the receiving node and the background.nliighe most common power-attenuation model [22],
the signal power falls agh—. wherer is the distance from the transmitter antenna ansl a realconstantdependent
on the wireless environment, typically betwe2mand4. Assume that all receivers have the same power threshold
for signal detection, which is typically normalized to on@lith this assumption, the power required to support a
link between two nodes separated by a distanter”. A crucial issue is how to find a route with minimum total
energy consumption for a given communication session. pittiblem is referred to asglinimum-Energy Routingn
[25, 29]. Having every link established in both directiomalifies the one-hop transmission protocols by allowing
acknowledgement messages to be sent back for every paekefgs example [26]). This motivates the study of the
MIN-POWER SYMMETRIC CONNECTIVITY problem, where alink is established only if both nodes heagsimission
range at least as big as the distance between them, and wemsust that established links form a connected network.
Like [1, 3, 11], in this paper the objective is to minimize tlo¢al power assigned to the nodes; previous research on
symmetric connectivity has also addressed the objectingimimizing the maximum node power [17, 21].

Formally, given a set of pointg (representing the nodes in the network)d# (the two-dimensional Euclidean
space) or inE? (the three-dimensional Euclidean spaceyaasmission range assignmefor range assignmenfor
short) is afunctiom : V. — R,. A unidirectional linkfrom nodeu to nodev is established under the range assignment
rif r(u) > ||Juv||, where||uv|| denotes the Euclidean distance betweemdv. A bidirectional linkuwv is established
under the range assignmentf r(u) > |luv| andr(v) > ||uv||. Let B(r) denote the set of all bidirectional links

established between pairs of nodedininder the transmission rangeln this paper we study the following problem:

MIN-POWER SYMMETRIC CONNECTIVITY: Given a set of nodeg andx > 1, find a transmission range assignment

r:V — Ry minimizing ) . 7(v)" subject to the constraint that the graf¥f) B(r)) is connected.

Implicit in the work of Clementi, Penna, and Silvestri [9ldgroof that MN-POWER SYMMETRIC CONNECTIV-
ITY in E2 is NP-Hard (radio “bridges” in canonical form gadgets, sadiiition 3 on page 10 of [9], can be made
to be bidirectional links). Therefore, we search for polyrial-time approximation algorithms for this problem. The

performance raticof an approximation algorithml for a minimization problem is the supremum, over all possibl



instanced, of the ratio between the cost of the outputbfvhen running ol and the cost of an optimal solution for
I (the smaller the performance ratio, the better). We say Ahiastan a-approximation algorithmf its performance
ratio is at mostv. A fully polynomiala-approximation schemis a family of algorithmsA. such that, for every > 0,
Ac (1) has performance ratio at mast ¢, and (2) runs in time polynomial in the size of the instance Bfz.

Kirousis, Kranakis, Krizanc, and Pelc [15] give a minimunasping tree (MST) based 2-approximation algorithm
for MIN-POWER SYMMETRIC CONNECTIVITY (their algorithm is actually designed for a related prohlemich we
discuss in Section 2). We improve the approximation ratideur? by exploiting similarities between IM-POWER
SYMMETRIC CONNECTIVITY and the classic 8 INER TREE problem: given an edge-weighted gra@h= (V, E, w)
and asef’ C V of terminals find a minimum weighSteiner tredor T, i.e., a minimum weight connected subgraph of
G which containg’. Computing an MST in the complete graphBmith edge-weights equal to the minimum distance
in G between corresponding terminals gives a 2-approximatgorighm for STEINER TREE[6, 16]. Zelikovsky [30]
gave the first algorithm with approximation ratio less thah@ used 3-restricted Steiner trees and the concegaiof
to obtain an approximation ratio @1 /6. Promel and Steger [20] extend the results of Camerini, i&a/land Maffioli
[5] and give a polynomial timé/3-approximation scheme forrf&INER TREE, by finding almost optimal 3-restricted
Steiner tree.

We show that similar concepts can be used for approximating-ROWER SYMMETRIC CONNECTIVITY. In
particular, we show that the algorithms of [20], [30], [2hdB[31] can be modified to give similar approximation ratios
for MIN-POWER SYMMETRIC CONNECTIVITY. Our main results are a fully polynomiaf3 approximation scheme
based on [20], and a more practical algorithm with approfiomsactor of 11/6 [30].

Our algorithms have the same approximation guarantees mgtamrk nodes are located 7. In fact, since they
work on a graph model of the network, our algorithms can beatly applied to more general problem formulations,
e.g., observing given upper-bounds on the transmissiageraheach node and/or taking into account obstacles that
completely block the communication between certain pairarfes.

The rest of the paper is organized as follows. In Section 2 isguds several connectivity problems under sym-
metric and asymmetric connectivity models. In particules, show that the Mi-POWER SYMMETRIC UNICAST
problem (which, for given source and destination nodese V, asks for a sequeneg = s, vy, ..., v = t of nodes
and transmission rangesv; ), i = 0, ..., k, under which all bidirectional links;v;; are established) can be solved
efficiently by a shortest-path computation in an appropljatonstructed graph. In Section 3 we give a new integer
program formulation for the Mi-POWER SYMMETRIC CONNECTIVITY problem, and describe an exact branch and
cut algorithm based on this formulation. Experimental ssthow that the branch and cut algorithm solves instances
with 25 nodes in less than one minute and instances with up-#03odes in 1 hour. In Section 4 we show that the
MST algorithm has a tight approximation factor of 2 for theNVPOWER SYMMETRIC CONNECTIVITY problem,
and discuss modifications of the MST algorithm for handlingeg bounds on node transmission ranges. In Section 5
we give a number of approximation algorithms forMPOWER SYMMETRIC CONNECTIVITY based on the concept

of k-restricted decomposition and the similarity to computirgestricted Steiner trees. In Section 6 we present the



results of a comprehensive experimental study compariwgne previously proposed heuristics with the above exact
and approximation algorithms. The results show that be$bpring algorithms give an average of 5-6% reduction in
power consumption compared to the simple MST based soluéMnconclude in Section 7 with open problems and

directions of further research.

2 Symmetric vs. Asymmetric Connectivity Problem Formulatons

Several problems have been previously studied under thtedasymmetricconnectivity model, in which unidirec-
tional links give raise to a directed graph &n In this section we discuss these formulations and compara with

the corresponding symmetric connectivity variants.

2.1 Complete Network Connectivity

In the COMPLETE RANGE ASSIGNMENT problem the objective is establishing a strongly connestdatyraph ofl”.
Kirousis, Kranakis, Krizanc, and Pelc [15] prove thaiMPLETE RANGE ASSIGNMENTIN E2 is NP-Hard and, based
on the minimum spanning tree, give a 2-approximation algori As opposed to the $¥YMMETRIC BROADCAST
approximation of [28], the GMPLETE RANGE ASSIGNMENTapproximation of [15] is valid in arbitrary graphs (that
is, the distance between two points could be arbitrary, roessarily Euclidean). Clementi, Penna, and Silvestri [9]
give an elaborate reduction proving thab&@PLETE RANGE ASSIGNMENTIN E2 is also NP-Hard.

The power for the asymmetric@MPLETE RANGE ASSIGNMENT can be half the power for Mi-POWER SYM-
METRIC CONNECTIVITY as illustrated by the following example in whiegh= 2. The terminal set (see Figure 1)
consists ofn groups ofn + 1 points each, located on the sides of a regtaigon. Each group has 2 terminals in
distance 1 of each other (represented as thick circles mr&itj) and» — 1 equally spaced points (dashes in Figure 1)
on the line segment between them. It is easy to see that thienmimrange assignment ensuring asymmetric connec-
tivity assigns power of 1 to the one thick terminal in eachugrand power of? = (1/n)? to all other points in the
group. The total power then equaist- 1. For symmetric connectivity it is necessary to assign pavidrto all but

two thick points, and of? to the remaining points, which results in total poweof— 1 — 1/n + 2/n?.

2.2 Unicast

The AsYMMETRIC UNICAST problem requires establishing a minimum power directedh fratm a sources to a
destinatiort, and is easily solved in polynomial time by shortest-pagiodthms. Below we reformulate M-PowER
SYMMETRIC UNICAST as a graph problem, and then reduce the latter problem t@kessource single-sink shortest-
path computation in an appropriately constructed graph.

LetG = (V, E, ¢) be an edge-weighted graph amddenote the undirected edge between nadasdv. The cost

c(uv) of an edgewv € FE corresponds to the (symmetric) power requiremént v) = p(v, u). Thepower cosof an
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Figure 1: Total power for the asymmetrico®PLETE RANGE ASSIGNMENT can be half the total power for M-
POWER SYMMETRIC CONNECTIVITY (x = 2). (&) Minimum range assignment ensuring asymmetric caiviigc
has total powen + n?e? = n + nQ# = n + 1. (b) Minimum range assignment ensuring symmetric conviéctias

the total powef2n — 2) + (n? —n+2)e2 =2n—1— 1 + 2.
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Figure 2: An example of two paths with the same cost and @iffepower-costs. (a) The path, ¢) assigns powers

25tos and tot. (b) The path(s, v, t) assigns powers 9 toand 16 tov andt.

s-t pathP =< s = vg,v1,...,v5 =t > IS p(P) = c(vov1) + c(vg_1vk) + Zi:ll max (c(vi—1v;), c(vi, vig1))-

MIN-POWER SYMMETRIC PATH IN GRAPHS Given a graphG = (V, E, ¢) with costs on edges a sourgec V' and

a destinationt € V, find ans — ¢ path inG of the minimum power-cost.

The following example in the Euclidean plane shows thatagititforward application of Dijkstra’s algorithm does
not work, i.e., a minimum cost — ¢ path does not always have minimum power-cost. Considereonletonsisting
of three nodess = (0,3), t = (4,0), andz = (0,0), (see Figure 2) and assume= 2. Then the twos — ¢ paths,
namely,(s,t) and(s, v, t), have the same cost of 25 but different power-costs: the poe& of(s, t) is 25+25=50
while the power-cost ofs, v, t) is 9+16+16=41.

Our solution of MN-POWER SYMMETRIC UNICAST first modifies the given grapti = (V, E,¢) and then
applies Dijkstra’s algorithm to the resulted directed dréf. We now describe the construction of the directed graph
G/ = (V/, E/, C/).
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Figure 3: (a) A vertex adjacent tok verticesus, ..., u; via edges of cost, ¢, ..., c; and a gadget replacing
with a bidirectional path. The solid edges of the pathv, us]), ([v, u2]), [v, usl,. . ., ([v, ur—1], [v, ug] have costy,
co —ci, ..., Ck — Ckp_1, respectively. The dashed edges have zero cost. (b) Thk gfdpr the example in Figure 2.
Thick edges belong to the shortest path corresponding tpattgs, v, ¢) in G.
For anyu € V, we sort all adjacent vertic€s, . . ., v } in ascending order of costs of edges connecting them to

u, i.e.,c(u, v;) < e(u,viy1). The vertex is replaced by gadget(see Figure 3(a)) as follows:
(i) each edgéu,v;) is subdivided by a vertepu, v;]

(i) for eachu, we connect all verticelg, v;]'s by two directed paths:
P = (U, [U, vl]v SERE) [uv kal]v [U, kal]) and

Py = ([u,vg—1], [, vp—1],s - - -, [u, v1], w).

(iii) the costs of the arcs on path arec(u,vy), c(u,v2) — c(u,v1), . .., c(u, vr) — c(u, vp—1), respectively, and the

cost of all arcs on the path; is zero.

Finally, each edgéu, v) of G is replaced inG’ by the two arcg[u, v], [v, u]) and([v, u], [v, u]), both of coste(u, v).
Figure 3(b) shows the gragh for the example in Figure 2. It is easy to see that a shostégiath inG’ corresponds
to a minimum power-cost¢ path.

Using the Fibonnaci heaps implementation of Dijkstra’salpm [10] to compute the shortestt path inG’, and
observing thatV’| = O(|E|) and|E’| = O(|E|), we obtain the following

Theorem 1 SYMMETRIC UNICAST is solvable in timeD (| E| log |V]).

When edge costs are integers we can use Thorup’s singleessiwrtest path algorithm [27], reducing the runtime
to O(|V'| + |E'|) = O(|E]).



2.3 Broadcast and Multicast

The AsYMMETRIC BROADCAST problem [25, 29] requires establishing a minimum power egboence rooted at a
given vertexs. Clementi et al. [8] prove that &¥yMMETRIC BROADCASTis NP-Hard when the nodes arefit. The
best known approximation algorithm forskMMETRIC BROADCAST [28], based on computing a minimum spanning
tree, has performance ratio of at most 12 when the nodes &&.in

In ASYMMETRIC MULTICAST, one is given a root and a set of terminal?’, and the goal is to establish a
minimum-power branching rooted atvhich reaches all vertices @f. As a generalization of AYMMETRIC BROAD-
CAST, ASYMMETRIC MULTICAST is also NP-Hard, and the same method as in [28] implies thatpgmoximate
minimum Steiner tree gives an approximation ratid 2, wherep is the approximation for Steiner tree in graphs (the
best result known at this moment, given in [23]pis- 1 + % In3+¢).

We remark that due to the need of establishing bidirectionahections, 8MMETRIC BROADCAST and MIN-
POWER SYMMETRIC CONNECTIVITY are the same problem. No previous results are known for thoast problem

under the symmetric connectivity model.

3 Integer Linear Program Formulation

In this section we give an integer linear program (ILP) fokation for MiIN-POWER SYMMETRIC CONNECTIVITY
and describe a branch and cut algorithm based on it. Thetsasubection 6 show that the algorithm is practical for
instances with up to 35-40 nodes.

We begin by reformulating Mi-POWER SYMMETRIC CONNECTIVITY in graph theoretical terms. L&t =
(V, E, ¢) be an edge-weighted graph amddenote the undirected edge between nadasdv. The costc(uv) of an
edgeuv € E corresponds to the (symmetric) power requiremént v) = p(v, u). For a node: € V and a spanning
treeT of G, letuur be the maximum cost edge incidenttdn 7', i.e.,uur € T andc(uur) > c(uwv) forall uv € T.

Thepower cosbf a spanning tre&’ is

p(T) =) c(uur)

ueV
Since any connected graph contains a spanning tree, araégntiformulation of MN-POWER SYMMETRIC CON-

NECTIVITY is to ask for a spanning tree with minimum power-cost in thaplete graph o with edge costs given

by c(uv) = |Juv||". Thus, MN-POWER SYMMETRIC CONNECTIVITY can be reformulated as follows:

MINIMUM POWER-COST SPANNING TREE Given a connected edge-weighted grapk- (V| E, ¢), find a spanning

treeT" of G with minimum power-cost.

To formulate MNIMUM POWER-COST SPANNING TREE as a linear integer program we use two types of binary

decision variables:



Ty foralluv € FE; x,, is set to 1 ifuv belongs to the selected spanning tiéand to O otherwise. We call these

variables thdree variables

yow foralluo € B := {uv,vu | wv € E}; yaris setto Lifur = v (i.e., if uv € T ande(uv) > c(uw) for all

uw € T. We call these variables thiange variables

Note that there argF| tree variables anFl| = 2|E| range variables. Le$T be set of the incidence vectors of all

spanning trees af (viewed as subsets @f). Our ILP formulation is as follows.

min Z c(uv)yms

wweE
s.t. > ymw=1, VueV (1)
veV|weE

Ty < Z Yuw, Vuv € E (2)
TwWEE |c(uw)>c(uv)

x € conv(ST) (3)
z € {0,1}/7!

y € {0,1}/7

The constraints (1) enforce that we select exactly one raagable for every node € V, i.e., we properly define
the range of each node. The constraints (2) enforce thatgenedis included in the tree only if the range of each
endpoint is at least the cost of the edge. The constrainenf8yce that the tree variables indeed form a spanning tree.
There are several well known linear descriptionsafas conv(ST'). We use the following, most famous formulation:

z € conv(ST) & 20,3 cpze = V[ —land} . gz <|S|—1forall S C E, wherey(S) is the set of
edges ofF with both ends inS.

To solve the ILP we use branch and cut, i.e., we drop the ialiggconstraints and solve the corresponding LP
relaxation. If the solution of the LP is integral, we foune thptimal solution, otherwise we pick a variable with a
fractional value and split the problem into two subprobldinsetting the variable td and1 in the subproblems. We
solve the subproblems recursively and disregard a sulgmoiblits LP bound is worse than the best known solution.

Since there are an exponential number of inequalities sfthimulation of spanning trees, we can not solve the
LP directly. Instead, we start with a small subset of thesgirlities and algorithmically test whether the LP solutio
violates an inequality which is not in the current LP. If s@ add the inequality to the LP, otherwise we found the
solution of the LP with the exponential number of inequeatiti The inequalities added to the LP if needed are called
cutting planesalgorithms that find violated cutting planes are callegaration algorithms

In our case, the initial LP consists of the constraints (1) @), the constrain} ., z. = |V'| — 1, and the bound
constraints, i.e., the constrairits< x < 1 and0 < y < 1. The only constraints added on demand are the constraints

Zeev(s) z. <|S|—1forall S C E. A separation algorithm for these inequalities is due toeagland Wolsey [19].

8



Figure 4: Letz, = 1/2 for all edges in the pictures{ = 1, if there are two parallel edges). Let range variabigs
be equal to 1/2 fov = w1, us, and to 0 otherwise. Then constraints of type (1) and (2)satisfied, but the constraint

(4) is violated forS = {uq, us}.

The running time of a branch and cut algorithm can be imprdwetightening the LP relaxation, i.e., by finding
additional inequalities which are valid for all integer pts, but may be violated by solutions to the LP relaxation
(Figure 4 shows an example). We use the following class dafl vaequalities. LetS c V. For everyu € S let

ug € V'\ S sothate(uus) < c(uwv) forallv € V' \ S. The inequality

> > Y > 1 4

uES veV|c(uv) >c(uus)
is valid for the problem above. We can argue as follows. Tl least one edge in the spanning tféerossing
the cutS. Letuwv be such an edge ande S. Thenc(uv) > c(uug) and the range of. is at leastc(uv). Thus
2o veV]e(un)>e(uus) Yo 1S ONe and the inequality is valid.

Since we do not have a separation algorithm for these indigsalve use the following heuristic to separate some
of them. We chose an arbitrary nodeFor every node € V' \ {u}, we compute the minimal directed cut framnto
v and fromo to u, where the capacity of an edgg is given byzw‘c(w)zc(w) Yzw- FOrall computed cuts, we test

whether the corresponding inequality is violated.

4 Analysis of the MST Algorithm

In this section we show that computing an MST gives a 2-appration for MIN-POWER SYMMETRIC CONNEC-
TIVITY ; this result is implicit in the work of Kirousis, Kranakis,rkanc, and Pelc [15]. Then we give an example
showing that the approximation factor of 2 is tight, and de&gmodifications of the MST algorithm for handling given

bounds on node transmission ranges.

Theorem 2 LetG = (V, E, ¢) be an edge-weighted graph. Computing an MST with respedite@s a 2-approximation

for MIN-POWER SYMMETRIC CONNECTIVITY.
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Figure 5: Tight example for the performance ratio of the M&bathm (x = 2). (a) The MST-based range assignment
needs total poweln. (b) Optimum range assignment has total pow@r+ ¢)2 + (n — 1)e? + 1 — n + 1.

Proof: Letc(T) =3, cpc(uv). Claim 2 of Theorem 3.2 of [15] is equivalent to

p(T) = max_c(uv) < Z Z c(uv) = 2¢(T) (5)

uluveF
veV veEV u|luveF

Letu be a vertex incident to an edge of maximum cost. If we rootrbeT atu, and use’ to denote the parent of
in T', sincemax,,| e c(uv) > c(vv') we conclude thap(7) > ¢(T'). Therefore, ifM ST is the minimum spanning

tree with respect te andO PT is the tree with minimum power-cost, we have
p(MST) < 2¢(MST) < 2¢(OPT) < 2p(OPT)

The following example shows that the ratio of 2 given in Ther2 is tight. Conside2n points located on a
single line such that the distance between consecutivagailternates between 1 and< 1 (see Figure 5) and let
x = 2. Then the minimum spanning tree MST connects consecutighbers and has power-castM ST') = 2n.

On the other hand, the tréewith edges connecting each other node (see Figure 5(b))dvesritost equagh(T') =
n(l+¢)% + (n —1)e2 + 1. Whenn — oo ande — 0, we obtain thap(M ST)/p(T) — 2.

Our MIN-POWER SYMMETRIC CONNECTIVITY formulation assumes that node transmission ranges can be ar
bitrary non-negative numbers. In practice node specifieteand upper-bounds on the transmission ranges may be
required. All the algorithms in this paper (including the M8&lgorithm) apply to the graph version ofINFPOWER
SYMMETRIC CONNECTIVITY. Hence, they automatically handle upper-bounds on trasssam ranges by assigning
infinity cost to edges that cannot be established as bididditks due to the imposed upper-bounds.

Handling the lower-bounds on transmission ranges is naigsttforward. We propose the following modification
of the MST algorithm.

1. Assign to each node the minimum allowed transmissiongang

10



2. Compute the connected components in the graph inducdtelaiready established biconnected links.

3. For any two components andC’, compute connection cost which is the minimum increase wepoecessary

to establish a bidirectional link between two vertices frlérandC”.
4. Construct a complete gragh with the connected components as vertices and connectsts as edge costs.

5. Increase power ranges according to the MST in the g€&dph

Theorem 3 The modified MST algorithm has an approximation factor ofraMioN -POWER SYMMETRIC CONNEC-

TIVITY problem with lower-bounds on transmission ranges.

5 k-Restricted Approach to Symmetric Min-Power Connectivity Approxi-
mation

We first give definitions ok-restricted decompositions and prove an upper bound orativerpcost of such decompo-
sitions. Then we will describe approximation algorithmsosé approximation ratios follow from the approximation

ratios of Steiner tree algorithms in graphs.

5.1 k-Restricted Decompositions

A k-restricted decompositiof) of the treeT" is a partition ofI” into subtreeq, 5, . . ., T,, each containing at most
vertices such that each edgefobelongs to exactly one subtrée The power-cosp(Q) of @ defined to be the sum

of power-costs of all its elements:

T:€Q
The following theorem and its proof are similar to the resaft[13, 4] on the:-restricted Steiner ratio. Our current
theoretically best approximation algorithm does not maeaf this theorem, but we use the theorem to establish the

approximation ratio of more practical algorithms deriveahfi [2, 31].

Theorem 4 For any weighted tre@” and anyk > 1, there is a2*-restricted decompositio@ of T such thap(Q) <
(1+1/k)p(T).

Proof: Without loss of generality we can assume that all edge castdlifferent. Let the endpointsands of the
heaviest edgé of T' be therootsof T', which means that two subtrees®©f- {1} are rooted at ands, respectively.
Then each vertex of T, except- ands, has a unique parent. We call the vertices adjacent taher than the parent
of v (if defined), the children of. For each vertex of T', we sort the edges connectingo its children in increasing

order of their cost. For the most costly such edgere definenext(e) = f, wheref is the edge connectingto its

11



parent (ifv has a parent), of = h if v does not have a parent. For some other edgem v to one of its children, we
definenext(e) = ¢/, wheree’ is the next edge (in the sorted order above) frota one of its children.

We now construct a rooted directed binary (with arcs goingatal the root) treé3 as follows. The vertices aB
are the edges df and the root ofB is h, the heaviest edge @f. The arcs ofB consists of arce, next(e)) for each
edgee of T'. It is immediate that every vertex= uv of B has at most two incoming arcs. Indeed; i rs, then only
the most costly edge @ \ {e} incident tor and the most costly edge @T\ {e} incident tos, havee as a parent. The
other edges of' ¢ = uv havev as the parent of (the other case being symmetric), and the arcs comingeiat@
only the most costly edge @f \ {e} incident tou and the edge in betweenand another child of which precedes
in the sorted order above. Note that each verteR ¢fas cost since it is an edgeBf

Let B; be the set of vertices aB in distancei from the rooth. There is an integed < | < k such that
i =t (mod k) €(Bj) < 3e(B) = 3e(T), and letB = U; | j=1 (moa )B;. Removal of every edge outgoing from
B decomposes into subtrees); corresponding to subtre&$ of T'. The number of vertices i@; is at mos* — 1
sinceQ); is a binary tree of height at most— 1. Therefore, eacH; has at mosg* vertices. We denote b the
2k-restricted decomposition @f into 7’s.

Lete; = (v;,u;) be the root of); (note thak; € B) and, ife; # (r, s), renamey; andu; such thatu; is the parent

of v; in T'. By the construction oB3, we have thatax, | y.,cg(r,) c(uu;) = c(e;). Then we have:
p(T;) < cle;) + Z max  c¢(v,u).

veV (TN {us} (v,u)EE(T)

Fori # j, the setd/(T;) \ {u;} andV (T;) \ {u,} are disjoint. We conclude that

pQ = S p(T)

i

max c(v,u)+ cle;
Z (v,u)EE(T) ( ) ; ( )

veV (T)

IN

p(T) +¢(B)

P(T) + e(T)

IN

IN

A
=
_|_

|
=1
=3

A subtree ofl" consisting of a pair of edges sharing a node is calléatla So a3-restricted decompositiof) of
T consists of forks and individual edges. The following theoris the analogue of the Steiner tree theorem in [30],

but has a completely different proof.

Theorem 5 For any treeT’, there is a 3-restricted decompositighof 7" such thap(Q) < 3p(T).

Proof: The proof proceeds in three steps. First we partition thegdd!" into disjoint components using structural

information derived from power requirements. Then we cwmsta weighted subgraph of the line graph of each

12



(b)

(a)

Figure 6: (a) Partitioned tré€. Each vertex has a single outgoing arc denoting its maxiimaidént edge, double
arcs are roots and dashed edges are bridges. (b) Consdinigtigeaphs for the components. Vertices represent edges

of T"and edges represent forksBf “consecutive” edges are solid and “parity” edges are dashe

component, which we refer to as the “consecutive” line grapimally, we show that the consecutive line graph of
each component has a matching exceeding a certain weighedipes in these matchings correspond to the forks in
the desired 3-restricted decompositioriof

To describe how we partition the edgesiof(see Figure 6(a)) we need to introduce some additional inoat
Let maxz(u) be the maximum edge @f incident to a vertex..> For each vertex, we direct the edgeraz(u) away
from w. An edgeuv is calledroot if it is directed both ways (i.emaz(u) = maz(v) = wv), and calledoridgeif it
remains undirected (i.enax(u) # uv andmazx(v) # uv). In the power-cost of’, roots are counted twice (for both
endpoints), bridges are not counted at all, and all otheegdge counted exactly once. Thus, denotinglilie set of

roots and byB the set of bridges, we have:
p(T) = c(T) + ¢(R) — ¢(B) (6)

The edges of " are partitioned as follows. First, we start with the coneda@omponents df' — B; note that each
such component contains exactly one root. Then we add eadelbrof B to one of the two adjacent components
of T'— B, such that each component gets at most one bridge. A bridggnasent with this property is obtained
by selecting an arbitrary vertey and assigning to each componenflof- B not containingyy the unique adjacent
bridge on the path to,. We denote byD the resulting partition.

Afork (e; = uv,es = u'v) is calledconsecutivéf ¢(e;) < c(e2) and there is no edgeceD incident tov such
thatc(e;) < c(e) < c(ez). For each componerd® € D, theconsecutive line grapl p is defined as follows (see
Figure 6(b)):

— vertices ofLp are the edges dp

— Lp has “consecutive” edges connecting each consecutive ddiks and at most two “parity” edges connecting

the root of D and the second most expensive non-root edge incident toesakbf the root

— for every edgée;, e3) of Lp, w(ey, ea) = min{c(e1), c(e2)}

1W.l.o.g., we assume that no two edges/ohave the same cost.

13



By construction, each edge afp corresponds to a fork ab. Therefore, each matching of Lp corresponds to a
3-restricted decomposition @ (edges ofX correspond to forks and isolated vertices correspond tatesh edges)
which we denot&) x . Itis easy to see tha{Q x) = 2¢(D) — w(X).

The theorem follows if, for each € D, we find a matchind{p in L such that

c(D) — C(T;) + ¢(bp) @

w(XD) Z

wherec(D) is the total cost of the edges i, rp is the single root inD, andbp, is the single bridge irD, if one

exists. Indeed,

(U @xp) = D (2¢(D) —w(Xp))

DeD DeD

IN
AN
w| o
Q
SN
3
+

|
BEN
=
S

|

|
2
S
S
~—

< -p(T)

where the last inequality comes from (6) and the fact #&Y) < p(7T'), as in the proof of Theorem 2.
By Edmonds’ theorem [18] it is sufficient to construct a ffactl matchingXp satisfying (7). Afractional

matchingof Lp is an assignment of nonnegative fractiaris; , e) to every edgée;, es) € Lp such that
(i) the sum of fractions assigned to the edges incident tatexe of L is at most 1, and
(i) the sum of fractions assigned to all edges with both emalg in a set ok + 1 vertices ofL is at mostk.

The weight of a fractional matching p is given by
w(Xp) = Z z(e, e w(e,e)
(e,e’)EE(D)

We construct a fractional matchingp by assigningl /3 to each consecutive edde, e2) of L. This fractional
matching satisfies (i) since eaete D is incident to at most 3 consecutive edged.¢f (if e is not the root p, then it
participates into one consecutive edgd.gf ase;, and into up to two edges as; the root participates as the heaviest
end in up to two edges). Condition (i) follows from the falsat consecutive edges form a tree. Since every vertex
of Lp except the root participates in exactly one consecutide(fer, e2) ase;, we get that the weight aX'/, is equal
to (¢(D) — ¢(rp))/3.

If D has no bridge then (7) follows. Otherwise we modiy, such that the weight increases byp)/3 as
follows. LetP = (bp = ey, fo,€1, f1,---, €k, fks€k+1 = Tp) be the unique path of consecutive edges gf,
wheref; = (e;,ei+1), @ = 1,...,k are edges of. , corresponding to consecutive forksih We add 1/3 tox(f;),
1=0,2,4,..., and substract 1/3 from(f;),i = 1, 3, . . .. Since botlb, andrp participate in at most two consecutive

forks, the above change leads to a feasible fractional rimgf¢the sum of fractions assigned to the edges incident to

14
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Figure 7: (a) Tight example for Theorem 5: a single node is\ected via cost-2 edgesimodes, each of which is in
turn connected via a cost-1 edge to a leaf. The total powstrefdhis tree i + 2k + k = 3k + 2. (b-¢c) Two minimum
3-restricted decompositions: the power-cost of (I9kisince each ok forks has power-cost 5; and the power-cost of
(c)is 6% + 2k = 5k since each 0% upper forks has power cost 6 and eaclt @ingle-edge components has power

cost 2.

each intermediate vertex éfremains the same). kfis even then the total weight &f p increases by at leastbp)/3
sincew(fai—1) = c(eg—1) < clea) =w(fay),l =1,...,k/2 and we are done.

If k& is odd we add back 1/3 te( f).) to guarantee increasing of( X p) by at least(bp)/3. If e, has degree 2 in
Lp then we are done, since the sum of all fractions assignecetedies incident te, equals to 1. Otherwisey,
has degree 3 and we need to further modify in order to make it a feasible fractional matching. bdie the vertex
of T common ofe,, andrp. Sincef, = (ex,ex+1 = 7p) IS @ consecutive forkgy, is the most expensive non-root
edge ofD incident tov. Lete be the second most expensive non-root edgP aficident tov. Sincee andey, form
a consecutive forkl., contains the€e, ex). Recall thatl, also contains a parity edde, »p). We modify X, as

follows:
(1) Ifer—1 # e (i.e.,ex—1 is not adjacent to the root), then we substract 1/3 figm ey ) and set:(e, rp) to 1/3.

(2) If ex—1 = e (i.e.,ex—1 is adjacent to the root), then we substract 1/3 frafi,—1) and setz(e = e;_1,7p) to
1/3.

In both cases, the resulting sums of fractions assignedet@dges incident each ef andrp are equal to 1, and
henceX p satisfies (i). In case (1), the condition (ii) is valid sinciges with non-zero weight iX p continue to form
atree. In case (2), the condition (ii) is still valid. Indeege obtain a triangle with all edges assigr%dnd in which
the fractional degree @f;, _; is % Consider now the set of edg&swith both endpoints in a set @k + 1 vertices. If
it contains the triangle, then it should have two more nobesifles:;;_;) with the fractional degree at mo%t Thus
in total the sum of fractions assigned to all edge&iaquals half of the sum of fractianal degrees of vertices klsc

at most2k. [ |

Remark: The bound of Theorem 5 is tight (see Figure 7).
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Input: Edge-weighted grap&' = (V, E, ¢)
Output: Spanning tree of7

T — MST(G),H — 0
Repeat forever
Find a fork K with the maximurmy = gain(K)
If g < 0then exit repeat
H— HUK,G «— G/K,T «— MST(G)
Output T U H

Figure 8: The greedy fork-contraction algorithm.
5.2 Approximation Algorithms

All approximation algorithms described below have appmadion ratios defined in terms @f,, wherep, is the
supremum, over all tre€s, of the ratio of the power-cost of the minimum power-clsestricted decompositions to
the power-cost of". Theorem 4 implies that, < 1+ Ugl—kj’ in particularp, < 2. Theorem 5 implies that; < 5/3,
and Theorem 2 together with the example in Figure 5 imply that 2.

The randomized pseudo-polynomial algorithm [5] has beedifieal into a fully polynomial approximation scheme
for finding optimal 3-restricted Steiner trees [20]. Theorgimplies that the same algorithm gives an approximation
ratio of% + e. Unfortunately, this algorithm is impractical and below describe a practical approximation algorithm
with factor of% = 11/6. Itis also possible to apply other Steiner tree algoritheng,, the algorithm in [2] gives
an approximation factor o + £ + &t < % while thek-restricted Relative Greedy Algorithm in [31] gives a facto
of 1+ 1In2+e.

The following greedy algorithms, originally formulated f8teiner trees, are based on the notion of gain. For a set
of verticesV, denote bymst(V') the minimum cost of a spanning tree. For a tféeonnecting some vertices from
V', we denotd// H the set of vertices V after contracting £, i.e., collapsing all vertices df into a single vertex.

Let gainof a subtredd, gain(H), be
gain(H) = 2mst(V) — 2mst(V/H) — p(H)

wherep(H) is the power-cost of forlll. It has been proved in [30] that the Greedy Algorithm (seeiféd) has

approximation ratio at most arithmetic mearpefandps. Thus we have:

Theorem 6 The Greedy Algorithm foMIN-POWER SYMMETRIC CONNECTIVITY (See Fig. 8) has approximation
ratio of 11/6.
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6 Experimental Study

We have implemented the exact branch and cut algorithm itbestcin Section 3 (OPT), the greedy fork-contraction

algorithm of [12] (GFC), and three new heuristics:

e A simple edge-switching (ES) heuristic that starts from Mh®T, and repeatedly replaces a tree edge with a
non-tree edge re-establishing connectivity. At every stiep algorithm chooses the pair of edges that results
in the largest reduction in power cost; the process is repgeas long as improvement is still possible. We
simulated a distributed implementation of the algorithravlich only non-tree edges that connect nodes within

10 tree-hops from each other are considered for switching.

e A heuristic performing both edge and fork switching (EFS)erery step the algorithm chooses the edge or the
fork whose addition to the tree leads to the largest rednatipower cost. Unlike GFC, forks are not contracted,

which means that an edge in an added fork can later be remmmadlie tree by other edge or fork switches.

e A Kruskal-like heuristic (KR) that starts with isolated rexdand iteratively adds an edge connecting two dif-
ferent components witminimum increas@ power cost. A similar heuristic (called incremental sbawas
studied by Chu and Nikolaidis for computing low-powes¥AWMETRIC BROADCAST trees in a mobile envi-

ronment [7].

We included in our comparison faster versions of OPT and GHZI-D and GFC-D, which speed-up the compu-
tation by working on the Delaunay graph defined by the nodete#u of the complete graph. We also implemented
a faster version of EFS, EFS-D, in which only forks consgtiri Delaunay edges (but still all non-tree edges) are
considered as switching candidates.

All algorithms were implemented in C++, including the brarend bound algorithm whose implementation is
built on SCIL [24]. The heuristics were compiled usiggp with - Q2 optimization, and run on an AMD Duron
600MHz PC. The experiments were run on randomly generagtchiges. For each instance sizbetween 10 and
100, in increments of 5, 50 different instances were geadtay chosing: points uniformly at random from a grid of
size10, 000 x 10, 000.

Table 1 gives the percentimprovement over MST and the r@#iior the compared algorithms; solution quality is
also presented in graphical form in Figure 9. We report ayesaver 50 instances of each size; averages marked with
an astersik do not include two intances not solved withinadane The results show that OPT has practical running
time up to 35 nodes, and produces an average improvemenM&Erof 5-6%. The Delaunay version of OPT has
practical runtime up to 60 nodes, but gives slightly wordatians.

The provably good GFC algorithm, its faster Delaunay versia-C-D, as well as the natural Kruskal-like heuris-
tic KR are all very fast, but give less than half of the optimimprovement. In contrast, EFS, EFS-D, and even the
distributed ES heuristic, come on the average within aifvaaif a percent of the optimal improvement with very well

scaling runtime.
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n OPT OPT-D ES EFS EFS-D KR GFC GFC-D

% CPU % CPU % CPU % CPU % CPU % CPU % CPU % CPU

10 4.01 0.67| 3.66 0.10| 3.81 0.00| 4.00 0.00| 3.94 0.00| 049 0.00| 1.39 0.00| 1.19 0.00
15 4.77 568| 4.26 0.43| 448 0.00| 4.70 0.02| 451 0.00| 1.72 0.00| 1.56 0.00| 0.48 0.00
20 5.84 22.2| 5.17 1.19| 546 0.00| 5.75 0.10| 547 0.00| 254 0.00| 2.01 0.00| 1.40 0.00
25 5.63 58.9| 4.72 3.46| 478 0.00| 553 0.26| 5.12 0.00| 219 0.00( 1.56 0.00| 0.72 0.00
30 5.46 201 490 6.49| 487 0.00| 5.36 0.61| 503 0.00| 1.77 0.00| 165 0.00| 0.24 0.00
35 5.68 712 511 11.2| 5.04 0.00| 5.60 1.16| 540 0.02| 213 0.01| 1.93 0.00| 096 0.00
40 | 541 4725 482 52.1| 501 0.00| 5.51 2.13| 525 0.03| 182 0.01| 1.37 0.00| 0.26 0.00
45 — — 5.37 109 | 5.13 0.00| 5.77 3.71| 547 0.05| 217 0.00| 2.22 0.03| 0.67 0.03
50 — — 5.36 181 | 5,55 0.02| 5.90 550| 5.62 0.05| 245 0.00| 2.03 0.02| 0.33 0.02
55 — — 6.09 653 | 561 0.05| 6.54 9.03| 6.21 0.05| 265 0.00| 260 0.03| 1.19 0.03
60 — — | 5.46° 573 | 525 0.05| 6.06 1248| 573 0.06| 231 0.00( 215 0.05| 0.50 0.05
65 — — — — | 5.01 0.05| 5.80 179| 556 0.09| 230 0.04| 1.65 0.03| 0.38 0.03
70 — — — — | 5.12 0.03| 6.01 255| 560 0.10| 241 0.04| 194 0.01| 0.24 0.01
75 — — — — | 5.10 0.02| 5.78 33.4| 550 0.09| 246 0.02| 1.69 0.00| 0.48 0.00
80 — — — — | 5.14 0.05| 6.03 449| 577 0.12| 2.88 0.00| 2.00 0.00| 0.64 0.00
85 — — — — | 473 0.06| 5.69 55.0| 5.37 0.16| 252 0.00| 1.82 0.00| 0.39 0.00
90 — — — — | 542 0.09| 6.30 755| 6.01 0.21| 284 0.00| 2.18 0.00f 0.38 0.00
95 — — — — | 529 0.11| 6.08 101| 581 0.26| 235 0.00( 1.73 0.05| 0.19 0.05
100 — — — — | 545 0.14| 6.25 123| 6.09 0.32| 256 0.00( 230 0.05| 0.99 0.05

Table 1: Percent improvement over the MST (%) and runtimeaosds (CPU) for the compared algorithms.

nodes

Figure 9: Average percentimprovement over MST for the imaated algorithms.
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7 Conclusions

In a more realistic power-attenuation model, the power irequent for supporting a link from node to nodewv

separated by a distaneés given by

rhfuv

p(u,’U) = 8

XuOv

wherey, > 0 is the transmission efficiency of nodeo, > 0 is the signal detection sensitivity threshold of nade
andx,,, is the signal attenuation exponent for the link frarto v. In [1] we show that the corresponding vt POWER
SYMMETRIC CONNECTIVITY WITH ASYMMETRIC POWER REQUIREMENTSIs inapproximable within factofl —
€)In|V|foranye > 0 unlessP = N P. The proofin [1] relies on using non-uniform signal attetim@exponents.,, .
An intereseting open problem is to settle the approximigtsltiatus of MN-POWER SYMMETRIC CONNECTIVITY
with uniform exponents.
It is also an open question whethenWAPOWER SYMMETRIC CONNECTIVITY can be reduced to the classical

STEINER TREE problem in an approximation preserving manner. Such a teduwould allow other well-known
STEINER TREE heuristics, such as the 1-Steiner algorithm [14], to beiadgb MIN-POWER SYMMETRIC CON-

NECTIVITY.
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