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Abstract

Flow control in high speed networks requires dis-
tributed routers to make fast decisions based only on
local information in allocating bandwidth to connec-
tions. While most previous work on this problem fo-
cuses on achieving local objective functions, in many
cases 1t may be necessary to achieve global objectives
such as maximizing the total flow. This problem illus-
trates one of the basic aspects of distributed computing:
achteving global objectives using local information.

Papadimitriou and Yannakakis [PY93] initiated the
study of such problems in a framework of solving pos-
ttive linear programs by distributed agents. We take
their model further, by allowing the distributed agents
to acquire more information over time. We therefore
turn attention to the tradeoff between the running time
and the quality of the solution to the linear program.

We give a distributed algorithm that obtains a (14¢)
approximation to the global optimum solution and runs
i a polylogarithmic number of distributed rounds.
While comparable in running time, our results exhibit
a significant improvement on the logarithmic ratio pre-
viously obtained by [AAY]]. Our algorithm, which
draws from techniques developed by Luby and Nisan
[LN93], is considerably simpler than previous approz-
tmation algorithms for positive linear programs, and
thus may have practical value in both centralized and
distributed settings.

1 Introduction

Processors in a distributed environment make de-
cisions based only on local data. Therefore, fast dis-
tributed algorithms must do without global informa-
tion about the system as a whole. This is exactly
why computing many target functions in distributed
models quickly is provably hard [L.87]. However, quite
surprisingly, some of the most interesting global opti-
mization problems can be very closely approximated
based only on local information.

We study the problem of developing flow control
policies with global objective functions. Flow control
is the mechanism by which routers of a network dis-
tribute the available network bandwidth across con-
nections. When the connections transmit data along
fixed routes in the network, flow control is typically
performed by allowing routers to regulate the rate
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at which connections inject data into the network.
This connection-oriented, or rate-based, approach is
expected to become widely used in packet-based net-
works and is a standard for routing available bit rate
traffic in ATM networks. In this approach, each router
in the network must make regulatory decisions based
only on local information, which typically consists of
the current transmission rates of connections using the
router. Most existing flow control policies try to sat-
1sfy local objective functions such as maz-min fairness
[BG87, AMO96, C94]. However, there are many other
practical scenarios in which global objective functions
are the appropriate choice. For example, in a commer-
cial subnetwork in which users are paying for use of
the network bandwidth (possibly at different rates),
the administrator would want to use a flow control
policy which maximizes total revenue. We show how
to express such a flow control policy objective as a
positive linear program. Complicating the issue is the
problem that routers must generate feasible solutions
to this linear program (LP) quickly, and based only
on available information.

Motivated by this and related applications, Pa-
padimitriou and Yannakakis considered the problem
of having distributed decision-makers assign values to
a set of variables in a linear program, where the agents
have limited information [PY93]. In one scenario they
describe, each agent, acting in isolation, must set the
value of a single primal variable, knowing only the con-
straints affecting that variable in the LP. In the con-
text of flow control where the objective is to maximize
the total flow through the network, this corresponds
to a setting in which connections only know how many
other connections share each of the routers they intend
to use. When all edge capacities are 1, their “safe” al-
gorithm sets each connection’s flow to the reciprocal
of the maximum number of connections which share
an edge with that connection. It is not hard to see
that the worst-case approximation ratio achieved by
the “safe” algorithm is O(A), where A is the maxi-
mum number of connections that share an edge. They
also prove that the “safe” algorithm achieves the best
possible worst-case ratio when agents may not commu-
nicate, leaving open the possibility that much better
ratios can be obtained when agents can interact.

We extend their model to allow computation to pro-
ceed in a sequence of rounds, in each of which agents
can communicate a fixed-size message to their imme-
diate neighbors. Our goal is to determine the number
of rounds necessary to achieve a (14 ¢€) approximation
ratio to the optimum LP solution. In the setting of



flow control, in one round, connections can communi-
cate their flow values to all routers along their path,
and routers can communicate a value describing their
load to all connections which use them. Although we
focus on the application of flow control, this study
could also be performed on a range of resource alloca-
tion problems including those described in [PY93]. We
note that similar models for describing the interaction
between connections and routers in theoretical evalu-
ations of flow control policies have been suggested in

[AA94, AMO96, ASIT].

One observation toward achieving our goal is that
a centralized administrator with complete information
could certainly solve the problem exactly using one
of the well known polynomial-time algorithms for lin-
ear programming (see for example, [K96]). Recently,
much faster algorithms that produce approximate so-
lutions to positive linear programs to within a (1 + ¢)
factor of optimal have been developed. The sequen-
tial algorithm of Plotkin, Shmoys and Tardos [PST94]
repeatedly identifies a globally minimum weight path,
and pushes more flow along that path. The algorithm
of Luby and Nisan [LN93] has both a fast sequen-
tial and parallel implementation, and repeatedly per-
forms a global median selection algorithm on the val-
ues of the dual variables, then increases values of dual
variables above this threshold. Although these algo-
rithms have efficient implementations, they both per-
form global operations which make them unsuitable
for fast distributed implementation. Clearly, each of
the global operations in these algorithms can be imple-
mented in a polynomial number of distributed rounds,
in which agents broadcast the values of relevant vari-
ables to all other agents. But we are interested in more
time-efficient solutions.

The only previously known result for a distributed
flow control algorithm with a global objective function
is an algorithm of Awerbuch and Azar [AA94], which
gives a logarithmic approximation ratio and also runs
in a polylogarithmic number of rounds. Their algo-
rithm is based on fundamental results from competi-
tive analysis [AAFPW92, AAP93]. The deterministic
algorithm we present produces (1 + ¢) approximate
solutions to positive linear programs, both in general
and for the flow control problem, and builds on ideas
used in these other algorithms [AA94, TLN93, PST94].
Our algorithm is most closely related to the algorithm
of Luby and Nisan, and affords the following advan-
tages. It eliminates the need for the complex global
selection operations and a global normalization step
upon termination, enabling fast implementation in a
distributed setting. Those simplifications carry over
to serial and parallel settings as well, where we have a
dramatically simpler implementation which saves a %
factor in the running time over the algorithm of Luby-
Nisan. Finally, we can parameterize the algorithm to
quantify a tradeoff between the number of rounds and
the quality of the approximation. In practice, we can
run the algorithm for any number of phases, with the
guarantee that after a constant number of phases, we
have a logarithmic factor approximation, and after a
logarithmic number of phases, we have a (1 + €) ap-

proximation.

The rest of the paper is organized as follows. We
begin with a formulation of our distributed model and
an explanation of the correspondence between flow
control policies and positive linear programs in Sec-
tion 2. In Section 3, we present our algorithm first as
an easily understandable and implementable serial al-
gorithm for approximately solving positive linear pro-
gramming. In Section 4, we prove that the algorithm
achieves a (14 ¢) approx1mat10n ratio, and prove that
it runs in a polylogarithmic number of rounds. Then
in Section 5, we present the distributed implementa-
tion apphcable to the flow control problem and explain
the modification in the analysis of this case.

2 The Model

We consider the following model in the spirit of
Papadimitriou and Yannakakis in which distributed
agents generate approximate solutions to positive lin-
ear programs in the following standard form, which is
well known to be as general as arbitrary positive linear
programming,.

PRIMAL DUAL

n m
maXY:E Yj minX:i x;
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We associate a primal agent with each of the n pri-
mal variables y; and a dual agent with each of the m
dual variables z;. Each agent is responsible for set-
ting the value of their associated variable. For any
t,j such that a;; > 0, we say that dual agent ¢ and
primal agent j are neighbors. By this definition, pri-
mal agents are neighbors only with dual agents, and
vice versa. In a round of computation, each agent may
broadcast a fixed-size message to all of its neighbors,
i.e., in one round each primal agent j may transmit
messages to its set of dual neighbors I; = {i|a;; > 0}
and each dual agent 7 may transmit messages to its
set of primal neighbors J; = {j|a;; > 0}. For simplic-
ity, we consider algorithms which alternate between
rounds in which primal agents transmit messages and
rounds in which dual agents transmit messages. In
the abstract model, we make no limitations on how
many messages an agent may receive in one round,
although practical considerations may introduce such
limitations. After a fixed number of rounds, the agents
must choose feasible values for their variables to (in
the case of the primal) minimize the approximation
ratio: OPT / 3" y;, where OPT is the value of the op-
timal solution to the LP. We then study the tradeoff
between the number of rounds and the quality of the
approximation ratio obtained.



In discussing flow control policies, we study a sce-
nario in which each of n connections transmits data
along a fixed path in the network, along an ordered
subset of the m routers which comprise the network.
Each router ¢ has capacity C;, which it may share
among the connections which utilize it, while each con-
nection is willing to pay B; for every unit of end-to-end
capacity which it receives. Therefore, the connections
act as the primal agents and the routers act as the
dual agents in the following positive linear program.

n
maXZBjyj
j=1

Vi, Zﬁijyj <G

]
Vi,j, ELZ']' =1lor0

Clearly, this positive linear program can be con-

verted to standard form by the local operation a;; =
3

Bj é, :
mit a fixed-length message along its path, which each
of its neighboring routers will receive. Since routers
do not typically initiate transmissions to connection
endpoints in existing networks, we implement a dual
round by having each connection transmit a control
message which loops through the network and back to
the source. Then, each router en route, i.e. exactly
those routers which neighbor a given connection, may
modify the contents of the payload of the control mes-
sage for that connection as it passes through in the
dual round. This implementation introduces a restric-
tion on the general model, however, in that each con-
nection only receives a single message from its neigh-
boring routers in each dual round. As mentioned ear-
lier, this simple and natural model of communication
between connections and routers corresponds to mod-
els previously suggested in other studies of flow control
[AA94, AMO96, AS97]. In a synchronous model, each
round takes time equal to the maximum round-trip
time experienced by a connection in the network.

Another assumption that we make on the LP is
that it is given to the algorithm in a normalized form

in which the a;; are either 0, or satisfy % <a; <1

In a primal round, each connection may trans-

One can convert a problem in standard form to the
normalized form simply by dividing all constraints by
Gmaer = Maxa;j, thereby setting v = %, (where
Umin = min{a;;la;; > 0}). Performing this transfor-
mation is straightforward in both the serial setting
and in the distributed setting if bounds on the values
of amar and a,,;, are known to all agents in advance.
In the context of the flow control problem, all agents
would need to know are bounds on the min and max
values of the edge capacities and benefit coefficients
to compute y. A disadvantage of this approach is
that the value of v, which affects the running time
of our algorithm, depends on the values of the entries
of the matrix. So we show in Section 5 that solving
a problem in standard form can be reduced to solv-
ing problems in normalized form where the value of ¥

depends only on m and ¢ and does not significantly
affect the approximation ratio or the running time of
our algorithm. Moreover, this transformation can be
done distributively in a constant number of rounds,
without global knowledge of a4, and amiy -

A final note is that the message size we use in our
implementation can be bounded by a number of bits
polynomial in log m,log~y and 1/e.

3 The Algorithm

Our algorithm for approximately solving linear pro-
gramming runs in phases as shown in Figure 1. At the
end of each phase, the flow values y; assigned to the
connections are primal feasible and the “weights” on
the routers z; are dual feasible:

Primal Feasibility: Vi, \; = Z a;y; < 1.
J

Dual Feasibility: Vj, a; = Zazj‘l‘i > 1.

In a primal feasible solution, each router i has suffi-
cient capacity to route the aggregate flow A; allocated
to neighboring connections. In a dual feasible solution,
each connection j transports flow through neighboring
routers with aggregate weight a; > 1.

Throughout the algorithm, the values of the z; are
dependent on the values of neighboring y; by the ex-
ponential weighting function: z; = e*i?/4), where ¢
is a constant which depends on the desired approxi-
mation ratio, and ¥ is a scaling factor which depends
upon the phase number. We begin each phase by in-
creasing the value of 1, scaling down the dual feasible
values of the z; from the previous phase and thereby
introducing some slack by lightly loosening the z;’s de-
pendence on the y;. At this point the dual variables
may no longer be feasible. This introduction of slack
allows us to perform iterations in which we slowly in-
crease, or “pump”, the values of certain y; in order to
move to a primal solution with greater benefit. The
y; which are pumped in a given iteration are exactly
tflose for which the value of the variable o is dual
infeasible, 1.e. smaller than 1. Therefore, when pump-
ing terminates, ending a phase, dual feasibility is again
achieved. Primal feasibility is maintained throughout
the execution of the algorithm.

The parameter r in the algorithm determines the
number of phases the algorithm executes, which trades
off against the quality of the approximation. The ap-

proximation ratio which we obtain is a (r + (1 + 6)2)
approximation to the optimum solution of the LP.
We prove that after running for a constant number of
phases, we obtain a logarithmic approximation ratio,
and after running for a logarithmic number of phases,
we obtain the stated ratio. Furthermore, we show that
in each phase, we perform at most a polylogarithmic
number of “pump” iterations. In the sequential imple-
mentation presented in Figure 1, the bottleneck opera-
tion is to recompute the o;s after each iteration, which
takes O(nm) time.



procedure Round-Update() {
VZ, /\Z = z;j aijyj
Vi, Xy e
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procedure Initialize()
§= (14 €)% p=

{
1.
r}

Vi, n; = i, Gij;

}
Algorithm LP() {

call Initialize()
repeat until (v > ¥r) {
call Round-Update()
repeat until (min; o; > 1) {
Vj, if (o < 1) then y;
call Round-Update()

1
v =y(l+¢)

Vj, output y;

Q = plIn(6yme®);
¢ = (r+8)(Q+pIn(Q+ pIn(2pQ)));

Vj, nj = max;ey, Ni;

50
P =m; Yp = 6m%er+5;
=
/* Phase */

/* Tteration */

Figure 1: The Linear Programming Approximation Algorithm

Until now, our discussion of the algorithm has cen-
tered on the serial implementation. Additional consid-
erations must be taken into account in the definition
and description of the distributed algorithm, which we
briefly discuss here, leaving the details for Section 5.
Since global operations cannot be performed quickly,
each distributed processor must be able to indepen-
dently compute the values of all of the variables de-
scribed in the serial implementation. In the case of
network parameters which are fixed, such as the value
of m, and for the parameters which affect the approx-
imation ratio, r and €, we assume that these values
are known to all processors. The parameter v may
not be known by all processors, but we describe how
to specify this parameter in the event that it cannot
be locally computed in Section 5.3. The one remain-
ing parameter is n, the number of connections. We do
not assume that this value is globally known - instead,
each primal agent j uses a value n; which it can com-
pute from its neighbors in two distributed rounds.

4 Analysis

In this section, we prove the following main results
about our algorithm:

Theorem 1 For 0 < ¢ < 1 and 0 < r < In(ym)
the algorithm produces a feasible (r + (1 + €)?)-
approrimation to the optimum primal linear pro-

. . . In*(ym) In( )
grammang solution, and runs in O ( n"(ym)In(ymn/e

re2
rounds.

The following corollary clarifies the tradeoff be-
tween running time and quality of the approximation
and follows directly from Theorem 1.

Corollary 2 For any ¢ < 1 there exists a (1 + €)

approrimation algorithm for positive linear program-

2
ming that runs in O (M%M) rounds. For

any 1 < r < In(ym) there ezists a (1 + r) approxi-
mation algorithm for positive linear programmaing that

runs in O (M) rounds.

The remainder of this section is divided into three
parts: first we prove that at the end of each phase
both the primal and the dual solutions are feasible.
Then we carry on the analysis of the approximation
ratio and finally we prove the claimed running time.
In the proof we use the following two facts:

Fact 3 ¢ > ¢.



Fact 4 ¢?~¢ > 7.

Fact 3 follows from the definitions, and the involved
proof of Fact 4 is left for the Appendix.

4.1 Feasibility

Recall that the algorithm has the property that at
the end of each phase (prior to increasing ), the z;s
are a feasible solution to the dual program, implying
the following fact:

Fact 5 (Dual Feasibility) At the end of each phase,
forall j, aj > 1.

We next prove that the y;s are primal feasible
throughout the execution of the algorithm, using
Claim 6 to help perform the induction. Throughout
the proof it will be convenient to think of the y;s as
being increased from 0 to their actual initial value set
in the algorithm. We will refer this operation as iter-
ation 0.

Claim 6 For alli and for every iteration, A); g
Claim 7 (Primal Feasibility) For all i, A\; < 1
throughout the execution of the algorithm.

We prove these two claims simultaneously by in-
duction over iterations of the algorithm.
Proof: Let J; = {j|a;; > 0}. The first step is to prove
that Claim 6 holds for iteration 0:

A = ZCLUQJSZCLU
jeJ JEJ;
Za =n; < £
Z¢J€J e ni¢ 4

Since ¢ > e this also implies that Claim 7 holds at
iteration 0.

Consider a subsequent iteration, and let Av denote
the change in variable v in that iteration. We have
that for all j, Ay; < yjé by the rate of increase in an

iteration, so for all 7,

€ € €
AXi =) aijAy; <Y aiyi— = i— < -
- - ¢ ¢~ ¢
J J
where the final inequality holds by the inductive hy-
pothesis of Claim 7. This completes the proof of
Claim 6.

To complete the proof of Claim 7, we consider two
cases for A; separately. We first consider edges ¢ for
which A\; < 1— é prior to an iteration. From the proof
of Claim 6 we have that after an iteration on such an
edge, A; < A+ i < 1, giving the desired result.

Next we consider edges ¢ for which A; > 1 — < prior

to an iteration. Let 7z be such an edge and fix j € J;.
We have that:

Aid ebc
aj = E ApjTh 2 AijT; = iy 2 i
[

In the proof of Fact 4 in the appendix we show that by
our choice of ¢, e?~¢ > 43, and hence a; > aijy > 1.
By the definition of the algorithm, we never increase
the flow on connection j if a; > 1, so in fact, no path
in J; increases its flow in this iteration. Therefore,
A; does not increase during this iteration and remains
smaller than 1 by the induction hypothesis, complet-
ing the proof. ]

4.2 Proof of the Approximation

We now turn to bound the approximation ratio ob-
tained by the algorithm stated as the first half of The-
orem 1:

Claim 8 For any 0 < ¢ < 1 and 0 < r < In(ym)
the algorithm produces a feasible (r + (1 + €)?)-
approzimation to the optimum primal linear program-
ming solution.

We use the notation AY = Z]' Ay; to denote the

aggregate change in the y values over the course of an
iteration and similar notation for other variables. We
begin with the following lemma.

Lemma 9 For every iteration

N <¢(l+e)

Proof: As ¢ <1, we have from Claim 6 that AX;¢ <
e < 1. It follows that

A.Z‘Z'

xz; (eAA"? — 1)

INIA

using the inequality e* — 1 < z(1 4 z) for z < 1.

Let S = {j]aj < 1} be the set of active connections
in the iteration. The lemma follows from the following
sequence of inequalities:

AX = ZA@ <mel¢ 1+¢)

= Zlea”Ay] d(1+¢)

7 jES

= ) Ay Zawmﬁ(l +e)

jes

= D Ayjaié(l+o)
jes
< AY¢(1l+e).
The final inequality holds from the definition of S. B

In stating and proving the next lemma, we require
a more precise description of our notation. We now
consider the change in the values of the dual variables
X over the course of a phase. In the proof, we let
X' denote the sum of the z; at the end of the cur-
rent phase, and we let X denote the sum of the z; at



the end of the previous phase. We let AX denote the
change in a the sum of the z; over the course of the
current phase. We further define X* to be the min-
imum over all dual feasible solutions obtained at the
end of each phase and let Y7, be the primal feasible
solution obtained at the end of the final phase. The
following lemma directly implies Claim 8.

Lemma 10

X*
Y > ——.
L=y (12

Fact 5 and Claim 7 respectively imply that X* is
dual feasible and Y7, is primal feasible. In conjunction
with Lemma 10 this implies the approximation result
stated in Claim 8, by linear programming duality.

Proof: Since the values X are scaled down by a i, =

1 + € factor just following the end of each phase, the
earlier definitions imply that:

x=xY 4 ax.
Y’

By rewriting this expression and applying the in-
equality e* > 1 + z, we have:

r_ 1/) AX(1+€) 1/} AX§+5)
R RS

Now, using X* < X and applying Lemma 9 yields

X <xt
(G
Now let X7 be the value of the dual solution at the
end of the first phase and 11 be the initial value of .
Similarly let X7, be the value of the dual solution at
the end of the last phase and 1 be the appropriate
value of .

Using the bound above repeatedly to compare X,
with X, gives us:

(146)2
XL<X1:Z}—1< YL¢X*+ ) (1)

L

< AY¢£1+522)
==
/

We again use Lemma 9 applied to the first phase.
Let Xg stand for the value for X before the first ini-

tialization of the y;s, that is Xo = )", fn—o =1. Let Y}

denote the value of the primal solution at the end of
the first phase. We have that

X1 — Xo S Ylgb(l =+ 6).

If Xy < SHEs (X

the primal solution the claim of the theorem follows:

— Xg) then by the monotonicity of

X* <X <(r+6V < (r+ (1+6)H)Yz.

We are left with the case that X > ¢(1+6)( — Xo).
Since X is dual feasible and the optimal solution is

bounded below by 1 (by the normalized form of the
program) we have that X > 1 = Xg. Also note that
by the assumption » < In(ym), we have ¢ > (r + 6).
We therefore obtain

d(1+¢)

o2+ ¢)
r+6 '

X1<XL< S

+ 1) <Xr
Using the bound above in (1) and observing that
Y1 =m and Yr > /(1 +¢€) we get

Y #(1+e)? Y
e~ x*

(14c)2¢
> er+(1+4e)?

by substituting § = (1 + ¢)?, and using ¢ < 1. We
finally get
YL 1

X* T r+(1+4e)?

4.3 Running Time

We now prove the second half of Theorem 1, bound-
ing the number of rounds every connection executes
before outputting its flow value:

Claim 11 Our algorithm
0 (M) rounds.

TE

runs m

Proof: We bound the number of phases by measuring
the change in :

(2] o () o (s

We now bound the number of iterations in a phase
by computing the maximum number of iterations
needed to increase all a; values above 1. In partic-
ular, we prove that if a connection j participates in
a polylogarithmic number of iterations in a phase, a;
increases above 1.

For a given j, we say that y; is large once y; > .

Initially, y; = n5¢ and at every iteration it increases

by afactor of 14+< g Therefore the number of iterations
connection j can participate in before y; becomes large

is at most 5
xR

logl_i_i <€2 c ) .

Now once y; is large, we have that

2
Ay; > y; - Z£~

- m

).



Let the set I; = {i|a;; > 0}. Therefore for all i € I;
AN > > anAy > LAy > 2 d
i 2 AipAYr 2 —AYj; 2 — an
p 7T e
aj = Y ayzi=y ajz;-eAM? > a5
Therefore, after In(ym(1 + €))e additional iterations:
a;» >a; -ym(l+e)

where a; and ag» denote values at the start and end of

these iterations respectively. At the beginning of the

first phase, all a; > mi, since all z; are imitialized to
¥

;—0 = % At the beginning of subsequent phases, all
aj > ﬁ, by Fact 5. It follows from the discussion

above that after these iterations a; > 1.
The bound on the number of iterations during a
phase is therefore:

[logH% (V:@,”) + In(ym(1 + 6))6-‘
=0 (£1n(222) + In(ym))
-0 <1n(7m)1n(”§m))

€

With the bound on the number of phases this com-
pletes the proof of Claim 11 and Theorem 1. ]

5 The Distributed Implementation

and Special Form

In this section, we first present a distributed imple-
mentation of our algorithm. Then we describe modi-
fications of the linear program and the analysis which
enable us to implement our algorithm when v is not
known to all distributed agents or when we wish to
eliminate the dependence of the running time on val-
ues of the matrix, i.e. when 4 = 2=zez  Finally, the

Amin

last subsection describes a distributed technique for
dividing our original program into subprograms con-
forming to these modifications.

5.1 The Distributed Algorithm

The distributed implementation of our algorithm
is shown in Figure 2. The top half of the imple-
mentation specifies the code executed at the routers
and the bottom half specifies the code executed at
the connections. Connections and routers communi-
cate by message-passing, in the model of distributed
rounds described in Section 2. Much of the complex-
ity in converting the serial implementation into a dis-
tributed implementation involves local synchroniza-
tion. In our implementation, message-passing prim-
itives enable control to alternate between connections
and routers at a local level. This is not to say that con-
trol is globally synchronized — in fact, at any instant
in time, connections in separate areas of the network
might not even be working on the same phase.

The other technical obstacle in converting the serial
algorithm to a distributed algorithm is the condition
for ending a phase: (min;a; > 1). Since we can-
not hope to compute this minimum value in our dis-
tributed model, we instead let each connection check
its end-of-phase condition locally and independently.
Upon completion, each connection sends an end-of-
phase message to its neighboring routers, and waits
for those neighboring routers to terminate the phase
before proceeding on to the next phase.

5.2 Special Form

When we wish to avoid setting v = 4=2=  we can

Amin

transform an LP in standard form to a special form
(similar to one used by Luby and Nisan) in place of
the transformation to normalized form described in
Section 2. A precondition for transforming an LP 7
in standard form to an LP Z’ in special form is that
we can approximate the value of the optimal solution
for Z to within a factor of 7: ¢ < OPT < er. If this
precondition is satisfied, we can perform the following
transformation, which bounds the value of the agj n
Z' by ni—i <aj; < 1foralliand j, giving v = 5.

Define v = 7%, and perform the following transfor-
mation operation on the constraints:

€ 1 .. €
, vTe %fa” < et
a. = 1 ifa; >v

otherwise

This transformed LP has the following properties,
proofs of which are omitted:

L. If {y; } is a primal feasible solution for Z’ then

0
vi =9 v}

18 primal feasible for 7z, and

DY > E;y] —¢e-OPT.

if 3¢ such that aj; = 1 }

otherwise

2. If {y; } is primal feasible for Z then {y; = ?1/-]1-1/5}

is primal feasible for Z', and ), v; = 3, v T
3. 55 <aj; < 1foralldand j.

vT

We generate an approximate solution to Z by perform-
ing the transformation to special form and computing
a (1 + ¢) approximation {y;} for Z’ using our algo-
rithm. We transform this solution to {y; } as described
in (1) and get a primal feasible solution Y such that:

2o Y OPT
Yy = > =1 OPT > ——
Zj:y] v O

o (i)

v

—¢-0OPT



procedure Router-Update;() { /* Update A; and z;. */

A

A = Z] ai;ys; T; = ew’; transmit z; to all connections 7 € J;;

}

procedure Router-Initialize; () { /* Initialization for Router i */
Ji = {jlaij > 0} B =), Bis b =m;

transmit 7; to all connections j € J;;
wait until (initial y; values arrive from all j € J;)

}

Algorithm Router-DLP;() { /* Algorithm for Router ¢ */
call Router-Initialize; ()
repeat until (all j € J; terminate) {
call Router-Update, () /* Phase begins after this update */
repeat until (all § € J; end current phase) {
wait until (new y; values arrive from all active j € J;)
call Router-Update,()

} /* End of phase */
transmit end-of-phase message to all connections j € J;;
Y =914 ¢);
}
}
procedure Connection-Increase;() { /* Update y; */
Y =Y (1 + %), transmit y; to all routers i € I};
procedure Connection-Initialize;() { /* Initialization for Connection j */
I; = {i]a;j > 0}; wait until (72; values arrive from all ¢ € [;)
§=(1+¢)?% p= %; Q = pln(6yme®);
. s bd
d=(r+6)(Q+ pln(Q + pIn(2pQ))); P = m; u’;p:GmriéeTH;
n; = maXier; i; y; = nfqb; transmit y; to all routers ¢ € I};
J

}

Algorithm Connection-DLP;() { /* Algorithm for Connection j */
call Connection-Initialize;()
repeat until (¢ > ¢r) {
wait until (z; values arrive from all 1 € ;)
o = aijE; /* Phase begins after this update */
repeat until (a; > 1) {
call Connection-Increase;()
wait until (z; values arrive from all i € [;)

oy = ZZ @555,

transmit end-of-phase message to all routers ¢ € I;;
wait until (end-of-phase messages arrive from all routers ¢ € I;)

¥ =914 ¢);

/* End of phase — become inactive */

}

output y; and terminate;

}

Figure 2: The Distributed Algorithm




The first inequality is from property (1), the second
is based on the fact that {y;} is a (1+¢) approximation

to the value of 7’ (denoted by OPT’) and the final
inequality is from property (2).

Next we need to explain how to choose the param-
eters ¢ and 7 as to guarantee ¢ < OPT < er. Recall
that I; denotes the set of edges incident to connection
Ji I = {ila;; > 0} and J; denotes the set of con-
nections incident to edge i: J; = {jla;; > 0}. Now
define

G; = minmaxay;
led; kel
a quantity which can be locally computed in one round
for each router 7. Also, let # = min; §; and for each

connection j, define 8; = mingey; B;. It is relatively
easy to show that % < OPT < % The first inequal-

ity holds from the primal feasibility of the solution in
which the connection j used in the evaluation of the
minimum g; is assigned flow y; = L The second in-
equality holds from the dual feasibility of the solution

in which each router 7 is assigned weight z; = ,aL

Therefore, we can set ¢ = %, and 7 = m In sequen-

tial implementations, giving 7/ = ”:—22, and bounding

the running time by O (M) rounds.

TE

5.3 Distributed Implementation

In the sequential case, knowledge of 3 is enough to
perform the transformation to special form, but dis-
tributed agents may not know this value. We now
describe a technique in which we distributively subdi-
vide the LP into subprograms based on local estimates
of 3. The value of each subprogram is bounded, so we
can work in special form. Then, we recombine solu-
tions in such a way as to only give flow to connections
with good estimates of 3, but we prove that this only
reduces the total flow by a small factor.

Set p = E] and for ¢ = 0,...,p—1, define the sets

Gt = {j ‘(%)p(t—l)ﬂ < @ < (%)ptﬂ}

for integer ¢. It is clear that each connection belongs to
exactly p of these sets. Independently for each value of
q, each router 7 ass g}‘ns flow only to connections which
are members of G7, . where T;, is the minimal set

index of connections in J; for q. In effect, this means
that the algorithm is run on the network p successive
times. From the connection’s point of view, i1t runs
p successive algorithms, using §; as an approximation
for 8. In each of the algorithms, it can be rejected (i.e.
given no flow) by some of the routers. The final flow
assigned to connection j is the average of the flows
given in the p independent trials. We will prove that
this procedure does not decrease the flow by more than
an additional (1 — €)? factor.

Now define OPT(X) to be the value of the mod-
ified LP when flow can only be assigned to con-
nections in the set X. It is not difficult to show

that OPT(GY) is bounded between (%)p(t_l)"'q and

( )p(t D+ ( )1/E m. Thus, we have that for each

set GY, the spec1al form of the modified LP for con-
)2-}-1/6

nections in G has v = (?

We now turn to bound the approximation ratio.
Consider a particular ¢ € {0,...,p—1}, and let T" and
@ be the unique integers such that ﬁ is in the interval

defined by G and g > (2 )pT+Q . For ¢ # @ and
for the dual feasible setting {z; = E :

OPT (U G§> < oo
t>T ilieh,leG] t>T
m €

This implies that OPT (G%) > (1—¢) OPT for all ¢ #
Q. The quality of the solution we obtain is therefore
bounded below by:

! 3" opPT (G) > L= 1) OPT > (1—0)? OPT.
Poza P

Putting everything together, we have a distributed
algorithm that assumes global knowledge only of m
and the approximation parameters r and e¢. This
algorithm finds a primal feasible (r + (1 + €)°)-
approximation of the optimal solution, and terminates

mO (MM) distributed rounds.

ret

6 Discussion

We studied the problem of generating feasible solu-
tions to positive linear programs in a distributed en-
vironment, and in particular, the application of flow
control. Qur results explore the tradeoff between
the amount of communication among the distributed
agents and the quality of the solution we obtain, mea-
sured by the approximation ratio. We give an algo-
rithm which obtains a (1+¢) approximation ratio in a
polylogarithmic number of distributed communication
rounds. Yet, many theoretical and practical questions
remain open.

One obvious question is can the running time be im-
proved? It is not difficult to show that % distributed
rounds are required to achieve a 1 + ¢ approxima-
tion, but other less trivial lower bounds are yet to
be found. Another interesting theoretical question is
the scope of these results, i.e. can they be applied
to non-positive LPs?. Finding fast sequential approx-
imation algorithms for general linear programs could
be a start in this direction.

On the more practical side, we are interested in
implementing our algorithm as a flow control policy.
Our preliminary implementation indicates that fur-
ther work on fine-tuning the algorithm to improve per-
formance could enable the use of the algorithm for flow
control on real networks.
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Proof of Fact 4

We have to prove that e?~¢ > y1). Substituting ¢
for ¢ and multiplying by e, we must show

e? > (6ymef) e 75 or
r+6
e > (67mee)%( ¢ )1?.
- r+6

Recall from the definitions that p = X

Q = pIn(6yme®), and rié =@+ pIln(Q + P), where
P = pIn(2pQ). Therefore it is enough to prove the
following.

rf—é - pln(rié) - Q

=Q+p(@Q+P)— pIn(Q+pn(Q + P)) - Q
> 0.

_ +P
= p (g hory)

To show that pln(ﬁ(gm) is nonnegative we need
P>pIn(Q+ P) or

pIn(Q + P) — pIn(2pQ) = pIn($5) < 0.

It is left to show then that $X2 < 1, but

2pQ
Q+P _ Q+pIn(2@)+pln(p)
2pQ T 2pQ
< 21_p+lng2QQ)+ln2(pp) < 21_p+é+1n2(pp)

This follows from the fact that @ > p and from
Inz/z < 1/e. Since 1 +1np < p we get

Q+P 1 1
<-4+-<1
20QQ — 2 + € <
which completes the proof. [ |



