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tDepending on whether bidire
tional links or unidire
tional links are used for 
ommuni
ations,the network topology under a given range assignment is either an undire
ted graph referred to asthe symmetri
 topology, or a dire
ted graph referred to as the asymmetri
 topology. The Min-PowerSymmetri
 (resp., Asymmetri
) k-Node Conne
tivity problem seeks a range assignment of minimumtotal power subje
t to the 
onstraint the indu
ed symmetri
 (resp. asymmetri
) topology is k-
onne
ted. Similarly, the Min-Power Symmetri
 (resp., Asymmetri
) k-Edge Conne
tivity problemseeks a range assignment of minimum total power subje
t to the 
onstraint the indu
ed symmetri
(resp., asymmetri
) topology is k-edge 
onne
ted.The Min-Power Symmetri
 Bi
onne
tivity problem and the Min-Power Symmetri
 Edge-Bi
onne
tivity problem has been studied by Lloyd et. al [22℄. They show that range assignmentbased the approximation algorithm of Khuller and Raghava
hari [18℄, whi
h we refer to as Algo-rithm KR, has an approximation ratio of at most 2(2� 2=n)(2 + 1=n) for Min-Power Symmetri
Bi
onne
tivity, and range assignment based on the approximation algorithm of Khuller and Vishkin[19℄, whi
h we refer to as Algorithm KV, has an approximation ratio of at most 8(1 � 1=n) forMin-Power Symmetri
 Edge-Bi
onne
tivity.In this paper, we �rst establish the NP-hardness of Min-Power Symmetri
 (Edge-)Bi
onne
tivity.Then we show that Algorithm KR has an approximation ratio of at most 4 for both Min-PowerSymmetri
 Bi
onne
tivity and Min-Power Asymmetri
 Bi
onne
tivity, and Algorithm KV has anapproximation ratio of at most 2k for both Min-Power Symmetri
 k-Edge Conne
tivity and Min-Power Asymmetri
 k-Edge Conne
tivity. We also propose a new simple 
onstant-approximationalgorithm for both Min-Power Symmetri
 Bi
onne
tivity andMin-Power Asymmetri
 Bi
onne
tivity.This new algorithm is best suited for distributed implementation.1 Introdu
tionRe
ently, range assignment problems for wireless ad ho
 networks have been studied extensively. Inwireless ad ho
 networks no wired ba
kbone infrastru
ture is installed and 
ommuni
ation sessions area
hieved either through a single-hop transmission if the 
ommuni
ation parties are 
lose enough, orthrough relaying by intermediate nodes otherwise. Omnidire
tional antennas are used by all nodes to�Resear
h performed in part while visiting the Max-Plank-Institut f�ur Informatik1



transmit and re
eive signals. Su
h antennas are attra
tive due to their broad
ast nature. A singletransmission by a node 
an be re
eived by many nodes within its vi
inity. We assume that everynode 
an dynami
ally adjust its transmitting power based on the distan
e to the re
eiving node andthe ba
kground noise. In the most 
ommon power-attenuation model [23℄, the signal power falls as1d� where d is the distan
e from the transmitter antenna and � is a real 
onstant between 2 and 5dependent on the wireless environment. We assume that all re
eivers have the same threshold forsignal dete
tion, and normalize this threshold to one. With these assumptions, the power required tosupport a link between two nodes separated by a distan
e d is d�.The network topology of a wireless ad ho
 network, whi
h 
onsists of all possible one-hop 
ommu-ni
ation links among the nodes, is determined by the transmission ranges of the nodes. Depending onwhether unidire
tional links or bidire
tional links are used for 
ommuni
ations, the network topologyis represented by either a dire
ted graph referred to as the asymmetri
 topology, or an undire
ted graphreferred to as the symmetri
 topology. In the asymmetri
 topology, there is an ar
 from a node u toanother node v if and only v is within the transmission range of u. In the symmetri
 topology, there isan edge between two nodes u and v if and only they are within the transmission ranges of ea
h other.An example is depi
ted in Figure 1. Figure 1 (a) gives the positions and the transmission ranges ofall nodes. The asymmetri
 topology and the symmetri
 topology are given in Figure 1 (a) and (b)respe
tively.
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Figure 1: The network topology: (a) the nodes and their transmission ranges, (b) the asymmetri
topology, and (
) symmetri
 topology.Conne
tivity is one of the most important properties of an wireless ad ho
 network. By asym-metri
 k-node (resp., k-edge) 
onne
tivity we mean the asymmetri
 topology is k-node (resp., k-edge)(strongly) 
onne
ted, and by symmetri
 k-node (resp., k-edge) 
onne
tivity we mean the symmetri
topology is k-node (resp., k-edge) 
onne
ted. For k = 1, edge and node 
onne
tivity are identi
al toea
h other, and thus are simply referred to as 
onne
tivity. For k = 2, 2-node 
onne
tivity is simplyreferred to as bi
onne
tivity, and 2-edge 
onne
tivity is simply referred to as edge-bi
onne
tivity. Withthe same transmission ranges, the asymmetri
 
onne
tivity is always not lower than the symmetri

onne
tivity. If the transmission ranges are not identi
al, the asymmetri
 
onne
tivity may be higher2



than the symmetri
 
onne
tivity. Figure 2 shows an example in whi
h the asymmetri
 topology is
onne
ted but the symmetri
 topology is dis
onne
ted. The network 
onsists of nine nodes lying on aregular hexagon of side equal to one, with six nodes at the verti
es of the hexagon and the other threenodes at the midpoints of three alternate sides of the hexagon. Three alternate nodes at the verti
eshave transmission range of one, and all others have the transmission range of one half. The asymmetri
topology is 
onne
ted, but the symmetri
 topology is not. On the other hand, if all nodes have thesame transmission range, the asymmetri
 topology and the symmetri
 topology always have the same
onne
tivity.
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 topology may have higher 
onne
tivity than symmetri
 topology. (a). Thenodes lie in a regular hexagon of side equal to one, and their transmission ranges are given beside thenodes. (b) The asymmetri
 topology is 
onne
ted. (
). The symmetri
 topology is dis
onne
ted.The requirement on the network 
onne
tivity (either asymmetri
 or asymmetri
) imposes a 
on-straint on the transmission ranges of all nodes. A 
ru
ial issue is how to �nd a range assignment of thesmallest total power to meet a spe
i�ed 
onne
tivity requirement. The Min-Power Symmetri
 (resp.,Asymmetri
) k-Node Conne
tivity problem seeks a range assignment of minimum total power subje
tto the 
onstraint the indu
ed symmetri
 (resp. asymmetri
) topology is k-
onne
ted. Similarly, theMin-Power Symmetri
 (resp., Asymmetri
) k-Edge Conne
tivity problem seeks a range assignment ofminimum total power subje
t to the 
onstraint the indu
ed symmetri
 (resp., asymmetri
) topology isk-edge 
onne
ted. Clearly, the smallest total power for asymmetri
 k-node (resp., edge) 
onne
tivityis no more than the smallest total power for symmetri
 k-node (resp., edge) 
onne
tivity.The study of the Min-Power Asymmetri
 Conne
tivity problem was started by Chen and Huang[5℄, who gave a 2-approximation algorithm based on minimum spanning tree. Further 
ontributionswere made in [20℄ and [8℄. The related broad
ast problem was studied in [28℄, [26℄, and [6℄. There
ent survey [9℄ presents the state of the art for these \asymmetri
" problems. The Min-PowerSymmetri
 Conne
tivity problem was proposed in [2℄ and [4℄. Both papers 
laim that Min-PowerSymmetri
 Conne
tivity is NP-Hard, and [4℄ presents a (1 + ln 2)-approximation algorithm. In thejournal submission of [4℄, this approximation ratio is improved to 5=3.The Min-Power Symmetri
 Bi
onne
tivity problem has been �rst studied by Ramanathan andRosales-Hain [24℄, whi
h proposed one reasonable heuristi
 but without a proven approximation ratio.Lloyd et. al [22℄ studied both Min-Power Symmetri
 Bi
onne
tivity and Min-Power Symmetri
 Edge-Bi
onne
tivity. Among other results, they show that the range assignment based the approximation3



algorithm of Khuller and Raghava
hari [18℄, whi
h we refer to asAlgorithm KR, has an approximationratio of at most 2(2�2=n)(2+1=n) for Min-Power Symmetri
 Bi
onne
tivity, and the range assignmentbased on the approximation algorithm of Khuller and Vishkin [19℄, whi
h we refer to as AlgorithmKV, has an approximation ratio of at most 8(1� 1=n) for Min-Power Symmetri
 Edge-Bi
onne
tivity.In this paper, we present a redu
tion that establishes the NP-Hardness of both Min-Power Sym-metri
 Two-Node Conne
tivity and Min-Power Symmetri
 Two-Edge-Conne
tivity. The NP-Hardnessholds for plane instan
es, not only for arbitrary graph weights. We show that the range assignmentbased on the Algorithm KR has an approximation ratio of at most 4 for both Min-Power Symmetri
Bi
onne
tivity and Min-Power Asymmetri
 Bi
onne
tivity. Spe
i�
ally, we prove that the total powerof this range assignment is less than four times the smallest power for asymmetri
 bi
onne
tivity. Wealso show that the range assignment based on Algorithm KV has an approximation ratio of at most2k for both Min-Power Symmetri
 k-Edge Conne
tivity and Min-Power Asymmetri
 k-Edge Conne
-tivity. Spe
i�
ally, we prove that the total power of this range assignment is less than 2k times thesmallest power for asymmetri
 k-edge 
onne
tivity. As both algorithms are graph algorithms, the ap-proximation ratios hold also if the nodes are in the three dimensional spa
e, if the possible ranges 
omefrom a dis
rete set of values, if obsta
les 
ompletely blo
k the 
ommuni
ation in between 
ertain pairsof nodes, and if there is a maximum value on the ranges.Although the range assignments based Algorithm KR and Algorithm KV have 
onstant ap-proximation ratios, they have very 
ompli
ated implementations and are not pra
ti
al for wireless adho
 networks. This motivates us to seek a trade-o� between the approximation ratio and the imple-mentation 
omplexity. We propose a very simple range assignment whi
h a
hieves both symmetri
 andasymmetri
 bi
onne
tivity. The total power of this range assignment is less than 8 for � = 2, or 3:2 �2�for � > 2 times the smallest power for asymmetri
 
onne
tivity for plane instan
es.The remaining of this paper is organized as follows. Due to spa
e limitations, we present the NP-hardness of Min-Power Symmetri
 (Edge-) Bi
onne
tivity in Appendix A. In Se
tion 2, we introdu
erelated graph-theoreti
 results and some terms and notations. In Se
tion 3 and Se
tion 4, we derivetighter upper bounds on the approximation ratios of the range assignments based Algorithm KR andAlgorithm KV respe
tively. In Se
tion 5, we present the new algorithm, MST-Augmentation, andanalyze its approximation ratio. Finally, in Se
tion 6, we 
on
lude the paper and report preliminaryexperimental results.2 PreliminariesA dire
ted graph D = (V;A) is said to be a bran
hing (or arbores
en
e) rooted at some vertex s 2 Vif jAj = jV j � 1 and there is a path to s from any other vertex. In other words, bran
hings in dire
tedgraphs are a dire
ted analog to spanning trees in undire
ted graphs.Theorem 1 (Edmonds) [11℄ Suppose that, given a dire
ted graph D = (V;A) and a spe
i�ed vertexs 2 V , there are k ar
-disjoint paths to s from any other vertex of D. Then D has k ar
-disjointbran
hings rooted at s. 4



Theorem 2 (Whitty) [27℄ Suppose that, given a dire
ted graph D = (V;A) and a spe
i�ed vertexs 2 V , there are two internally vertex-disjoint paths to s from any other vertex of D. Then D has twoar
-disjoint bran
hings rooted at s su
h that for any vertex v 2 V �s the two paths to s from v uniquelydetermined by the bran
hings are internally vertex-disjoint.Consider a dire
ted graph D = (V;A), a spe
i�ed vertex s 2 V , and a positive integer k. The
heapest subgraph of D that has k ar
-disjoint paths to s from every other vertex, if there is any,must be the union of k ar
-disjoint bran
hings rooted at s and 
an be found in polynomial timeby the weighted matroid interse
tion algorithm due to Lawler [21℄ and Edmonds [12℄. The fastestimplementation of a weighted matroid interse
tion algorithm is given by Gabow [14℄. Given a vertexr 2 V , the 
heapest subgraph of D that has k internally vertex-disjoint paths to r from every othervertex, if there is any, 
an also be found in polynomial time by an algorithm due to Frank and Tardos[13℄, or a faster algorithm due to Gabow [15℄.We will also make use of a 
orollary of Menger's Theorem, the so-
alled Fan Lemma.Theorem 3 (Fan Lemma) [10℄ Suppose that D is a k-vertex 
onne
ted dire
ted graph and U is aproper subset of its verti
es with jU j = k. Then for any vertex v not in U , there are k internallyvertex-disjoint paths that link v to distin
t verti
es of U .The bidire
ted version of an undire
ted graph G is a dire
ted graph obtained by repla
ing everyedge of G with two oppositely oriented ar
s. The undire
ted version of a dire
ted graph D is anundire
ted graph obtained by ignoring the dire
tions of the ar
s of D.From now on, we model the wireless ad ho
 network by a weighted 
omplete graph G = (V;E; 
)with 
 (e) = kek� where kek is the length of the edge e: Every range assignment is spe
i�ed by aspanning graph H as follows. The transmission power of node v with respe
t to H, denoted by pH (v),is de�ned by pH (v) = maxu2NH(v) 
 (vu) :Clearly, the symmetri
 topology indu
ed by this range assignment 
ontains H as a subgraph, and theasymmetri
 topology indu
ed by this assignment 
ontains the bidire
ted version of H as a subgraph.Thus, the range assignment spe
i�ed by H a
hieves at least the 
onne
tivity of H.For any spanning subgraph H of G, we de�ne the power 
ost of H asp (H) = Xv2V (H) pH (v) :Then p (H) is exa
tly the total power of the range assignment indu
ed by H. We also de�ne the weightof H as 
 (H) = Xe2E(H) 
 (e) :The two parameters p (H) and 
 (H) are related by the following previously known lemma.5



Lemma 4 For any spanning subgraph H of G, p (H) � 2
 (H).Proof. Let H be a subgraph of G. Then,p (H) = Xv2V pH (v) = Xv2V maxu2NH(v) 
 (vu)� Xv2V Xu2NH(v) 
 (vu) = 2 Xe2E(H) 
 (e) = 2
 (H) :For dire
ted spanning subgraphs Q, we de�ne similarly pQ(v) = maxvu2Q
(
u) for every vertex v,and p(Q) =Pv2V pQ(v).3 Algorithm KR for k-Edge Conne
tivityAlgorithm KR [18℄ 
onstru
ts a k-edge 
onne
ted spanning subgraph H as follows. For some nodes, let Ds be the minimum-weight dire
ted subgraph of the bidire
ted version of G in whi
h there arek ar
-disjoint paths to s from every other vertex in V . Let H be the undire
ted version of Ds for anarbitrary node s. Then, as shown in [18℄, H is k-edge 
onne
ted.Let opt be the power 
ost of an optimum range assignment for asymmetri
 k-edge 
onne
tivity. Wehave the following theorem.Theorem 5 p (H) � 2k � opt:Proof. Consider Q, the dire
ted graph given by the optimum range assignment. Q is stronglyk-edge 
onne
ted, and therefore by Theorem 1 Q 
ontains k ar
-disjoint bran
hings rooted at s:T1; T2; � � � ; Tk.As [ki=1Ti is a feasible solution solution for the dire
ted subgraph 
omputed by the algorithm,
(Ds) �Pki=1 
(Ti). For any vertex v and 1 � i � k, denote by ai(v) the parent of v in Ti(v). Givenv, pQ(v) = maxvu2Q 
(uv) � max1�i�k 
 (vai(v)) � 1kP1�i�k 
 (vai(v)), and therefore opt = p(Q) �1kP1�i�k 
(Ti). Using Lemma 4, we 
on
lude:p(H) � 2
(H) � 2
(Ds) � 2 kXi=1 
(Ti) � 2k � optTheorem 5 implies that the approximation ratio of Algorithm KR is at most 2k.6



4 Algorithm KV for Bi
onne
tivityAlgorithm KV [19℄ 
onstru
ts a 2-node 
onne
ted spanning subgraph H as follows.1. Let xy be the edge of G of minimum weight and s an vertex not in V . Constru
t weighteddire
ted graph D as follows: Repla
e every edge of G with two oppositely-oriented ar
s of thesame weight and then add two ar
s xs and ys of weight 0.2. Let D0 be the minimum-weighted subgraph of D in whi
h there are two internally vertex-disjointdire
ted paths to s from every vertex in V . ( D0 
an be obtained by using the algorithm of Frankand Tardos [13℄, or a faster algorithm by Gabow [15℄).3. Output the subgraph H of G whi
h 
ontains the edge xy and every edge of G with at least oneof its two dire
ted 
opies in D0.As shown in [19℄ (or in [17℄, pages 246-247), H is two-
onne
ted. Let opt be the power 
ost of anoptimum range assignment for asymmetri
 2-node 
onne
tivity. We have the following theorem.Theorem 6 p (H) � 4 � opt:Proof. Consider Q, the dire
ted graph given by the optimum range assignment, to whi
h we addthe ar
s xs and ys of weight 0. Using Theorem 3 (Fan Lemma), for any vertex v other than x and y,Q has two internally vertex-disjoint dire
ted paths that link v to x and y respe
tively. Therefore, inQ, every vertex v has two internally vertex-disjoint dire
ted paths linking it to s. Using Theorem 2,Q has two ar
-disjoint bran
hings rooted at s: A1 and A2 su
h that, for every vertex v 2 V , the twopaths in A1 and A2 from v to r are internally vertex-disjoint.As A1 [ A2 is a feasible solution for the dire
ted subgraph we needed in step 2 , 
(D0) � 
(A1) +
(A2). For any vertex v and 1 � i � 2, denote by ai(v) the parent of v in Ai(v). Given v, pQ(v) =maxvu2Q 
(uv) � (
 (va1(v)) + 
 (va2(v))) =2, and therefore opt = P (Q) � (
(A1) + 
(A2))=2.Using Lemma 4, we 
on
lude:p(H) � 2
(H) = 2
(D0) � 2(
(A1) + 
(A2)) � 4optTheorem 6 implies that the approximation ratio of Algorithm KR is at most 4.5 Algorithm MST-Augmentation for Bi
onne
tivityIn this se
tion, we present a simple algorithm whi
h produ
es a bi
onne
ted spanning graph H byaugmenting an MST. The algorithm �rst �nds an Eu
lidean MST T and initializes H to T . At anynon-leaf node v of T , a lo
al Eu
lidean MST Tv over all the neighbors of v in T is 
onstru
ted andadded to H. Thus the H is a union of the big MST T and many small MSTs. H is 2-
onne
ted, as it7



follows from the following argument. Only internal nodes of T 
an be arti
ulation points; let u be su
ha node. Removing u from T 
reates a number of 
onne
ted 
omponents of T , ea
h having one vertexneighbor with u in T . But the neighbors of u in T remain 
onne
ted by Tu, the lo
al MST whi
h doesnot in
lude u.We refer to this algorithm as MST-Augmentation. Besides being simple and very fast (asevery vertex has 
onstant degree in T , total running time is dominated by 
onstru
ting T and isO(n log n)), this algorithm is best suited to eÆ
ient distributed implementation. Another advantageof this algorithm is the independen
e of the path-loss exponent.To bound the approximation ratio of MST-Augmentation, we introdu
e a geometri
 
onstant �de�ned below. Let o be the origin of the Eu
lidean plane. A set U of at least two points is 
alled as astar-set if its Eu
lidean MST for fog [U is a star 
entered at o. The star is denoted by SU . Note thatea
h star-set 
ontains at least two but at most six points. For any star-set U , let TU be the minimumspanning tree of U . Then � is de�ned as the supreme of the ratio 
 (TU ) =
 (SU ) over all star-sets.Lemma 7 For any � � 2, 2��1 � � � 1:6 � 2��1: If � = 2, then � = 2.Due to spa
e limitations, the proof of this lemma appear in the Appendix B.Now we are ready to represent the upper bound on p (H) in terms of � and the power 
ost of anoptimum range assignment for asymmetri
 
onne
tivity whi
h is denoted by opt.Theorem 8 p (H) < 4� � opt.The proof of this theorem 
onsists of the following several lemmas. The next lemma is impli
it inprevious work and it follows immediatly from the fa
t that T is a minimum spanning trees and oneargument used in the proof of Theorem 5.Lemma 9 
 (T ) < opt:Let E1 be the set of all edges of T in
ident to leaves. Let E2 be the set of all edges of the treesTv for all non-leaf nodes v. Let H 0 be the graph (V;E1 [E2). Then H 0 is a subgraph of H, and thusp (H) � p (H 0). The next lemma states that the equality a
tually holds.Lemma 10 For every node v, pH (v) = pH0 (v), and 
onsequently p (H) = p (H 0).
8



Proof. We prove the lemma by 
ontradi
tion. Assume that pH (v) > pH0 (v) for some node v. LetpH (v) = 
 (uv). Then uv must be an edge of T and neither of u and v is a leaf. Sin
e u is not a leaf,u has an neighbor w other than v su
h that vw is an edge in Tu. So vw is an edge of E2. Sin
e bothuv and uw are edges of the MST, kuvk � kwvk, and thus 
 (uv) � 
 (wv). Therefore,pH (v) = 
 (uv) � 
 (wv) � pH0 (v) ;whi
h is a 
ontradi
tion.The next lemma provides an upper bound in the total weight of H 0.Lemma 11 
 (H 0) � 2� � 
 (T ).Proof. From Lemma 7, we have 
(Tu) � �Puv2T 
(uv). Then 
(H 0) = 
(E1) + 
(E2) =Pu leafPvu2T 
(uv) +Pu internal 
(Tu) � �Pu leafPvu2T 
(uv) + �Pu internalPvu2T 
(uv) = 2�
(T ),as every edge of T appears exa
tly twi
e in the summation.Now Theorem 8 follows immediately from Lemma 4, Lemma 9, Lemma 10, and Lemma 11:p (H) = p �H 0� � 2
 �H 0� < 4� � 
 (T ) < 4� � opt:Theorem 8 and Lemma 7 imply that the approximation ratio of MST-Augmentation is at most8 for � = 2 and at most 3:2 � 2� for general �.6 Con
lusionWe presented improved analysis for existing algorithms for Min-Power Symmetri
 Bi
onne
tivity andMin-Power Symmetri
 k-Edge Conne
tivity, and showed the symmetri
 output of these algorithms isalso a good approximation for Min-Power Asymmetri
 Bi
onne
tivity and Min-Power Asymmetri
 k-Edge Conne
tivity, respe
tively. We showed that Min-Power Symmetri
 Bi
onne
tivity and Min-PowerSymmetri
 Edge-Bi
onne
tivity is NP-Hard. We introdu
ed the new algorithmMST-Augmentationand showed it also has 
onstant approximation ratio.We are aware of instan
es where the min-power asymmetri
 two-
onne
ted topology uses only 7=10of the min-power symmetri
 two-
onne
ted topology. It would be interesting to �nd how small thisratio 
ould be. By our analysis of the Min-Power Bi
onne
tivity Algorithm KR, the ratio is at least1=4, and in fa
t we 
an show the ratio is at least 1=3. By 
omparison, the ratio of min-power symmetri

onne
ted topology to min-power asymmetri
 
onne
ted topology is known to be at least 1=2, and thisbound is tight (see for example the journal version of [4℄).Preliminary experimental results for Min-Power Symmetri
 Bi
onne
tivity show that on randominstan
es with 100 nodes, the following hold: 9



� \smart" lo
al optimization algorithms improve by an average of 6% the Ramanathan and Rosales-Hain algorithm, with a maximum improvement of 18%. The Ramanathan and Rosales-Hainalgorithm has a lo
al optimization phase and on average uses 29% less power than MST-Augmentation.� Our best heuristi
s have power 75% to 250% more than the 
ost of the minimum spanning tree(the only easily 
omputable lower bound for the problems). The average power used is 110%more than the 
ost of the minimum spanning tree.� For our best algorithms, the power required to ensure Symmetri
 Bi
onne
tivity is on average61.6% higher than the power required for Symmetri
 Conne
tivity. Our heuristi
s for Symmetri
Conne
tivity are very good [1℄, but we still do not know the quality of the Symmetri
 Bi
onne
tiv-ity solutions our heuristi
s produ
e. Note that the minimum power for Symmetri
 Bi
onne
tivity
ould be higher than the minimum power for Symmetri
 Conne
tivity by a fa
tor of 2�, as shownby an example of n nodes being equidistant on a line.A
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tion we des
ribe the redu
tion proving the NP-Hardness of both Min-Power Symmetri
Bi
onne
tivity and Min-Power Symmetri
 Edge-Bi
onne
tivity. NP-Hardness holds for plane instan
es,not only for arbitrary graph weights. The redu
tion is from Hamiltonian Cir
uit in Planar Cubi
Graphs, proved to be NP-Complete in [16℄.Let G = (V;E) be a planar 
ubi
 (all verti
es having degree three) graph with n verti
es. We
onstru
t an instan
e U of Min-Power Symmetri
 Two-(Edge)-Conne
tivity as follows. We �rst applythe polynomial time algorithm in [3℄ to obtain a planar orthogonal grid drawing of G in whi
h ea
hvertex u has integer 
oordinates, ea
h edge uv has at most one bend, and ea
h horizontal or verti
alline segment has length between 6 and a polynomial fun
tion of n. S
ale the 
onstru
tion up by n, sothat a point x on the embedding of edge uv with kxuk > n and kxvk > n is at distan
e at least n toany point on some embedded edge other than uv. Let L be the total length of the edges. Then L isbounded by a polynomial in n.Next, subdivide every edge of length l into lL2 equidistant points but remove in the middle of theedge, in a pla
e not 
ontaining a bend, L2 of these new points, leaving a gap of length 1. Pla
e anode in ea
h of the points mentioned above. Finally, for every already pla
ed node in the plane, pla
earbitrarily at distan
e 1=L2 to it another new node; two su
h nodes are 
alled twins. The total numberof nodes introdu
ed is O(L3), and therefore the 
onstru
tion is polynomial.If we 
onsider the graph indu
ed only by nodes at most 3=L2 apart, it has n 
omponents, ea
h
orresponding to a vertex of the original graph G. We 
all su
h a 
omponent the 
luster of the originalvertex v. Moreover, ea
h 
omponent is two 
onne
ted sin
e ea
h node has a twin, and the distan
e inbetween the twins of two \
lose" (at distan
e 1=L2) nodes is at most 3=L2. For an illustration of one
luster, see Figure 3.The instan
e so 
onstru
ted has n0 nodes. Re
all that the power of a node is at least the square ofits assigned range. If the original graph is Hamiltonian, we obtain a range assignment of total powernot ex
eeding 2n + 9n0=L4 by assigning to every node a range of 3=L2 and, for every edge uv of the12



v

gap to another
component

Figure 3: The 
luster of v, with a gap of length 1 to another 
luster
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Hamiltonian path, we pi
k the two nodes next to the uv-gap, one in the 
luster of u and one in the
luster of v, and assign them range 1. Note that n0 � 2L3 and therefore 2n+ 3n0=L4 < 2n+ 1.Next we show that any range assignment of total power less than 2n+ 1 implies that the originalgraph G is Hamiltonian. Let H 0 be the two-(edge-)
onne
ted established by the range assignment, andH be the multigraph obtained from H 0 by 
ontra
ting every 
luster to a single vertex. Every 
lustermust be in
ident to at least two edges of H. For a node x in a 
luster to have edges of H 0 in
identto nodes in two other 
lusters, it must have a range of at least n, 
ontributing at least n2 to the totalpower. So we may assume that any node is, in H 0, in
ident only with nodes in its own 
luster, or onlyone extra 
luster. A range of at least 1 is needed to establish links to another 
luster.For Q � V , let P (Q) be the minimum total power required to establish the edges of H 0 with bothendpoints in the 
lusters of H[Q℄, the subgraph of H indu
ed by Q. We have:Claim 12 If Q � V , jQj � 3, and H[Q℄ is edge-bi
onne
ted, then P (Q) � 2jQj.Proof. Indeed, if every 
luster 
orresponding to Q has two verti
es with range 1, then the 
laimholds. If the 
luster 
orresponding to a vertex v 2 Q has only one node x with range at least 1, thenv is adja
ent in H[Q℄ to only one other vertex, whi
h we 
all u, by at least two parallel edges. Then,in the 
luster of u, two nodes must have range at least 1 and be adja
ent to x in H 0. Also, H[Q� v℄must be two-edge 
onne
ted. If jQ � vj = 2, the same reasoning as above implies that P (Q � v) � 3and therefore P (Q) � 6. If jQj � 4, the result follows by indu
tion.The previous 
laim and its proof imply that if H[Q℄ is two edge 
onne
ted, jQj � 4, and P (Q) <2jQj+1, then every 
luster 
orresponding to Q has exa
tly two nodes with range at least 1, establishinglinks to two other 
lusters. For Q = V , this implies that H[V ℄ is Hamiltonian, and therefore G isHamiltonian. In 
on
lusion, we have:Theorem 13 Min-Power Symmetri
 Bi
onne
tivity and Min-Power Symmetri
 Edge-Bi
onne
tivityare NP-Hard.Appendix BIn this se
tion we present the proof of Lemma 7, whi
h states that for any � � 2, 2��1 � � � 1:6 �2��1,and that if � = 2, then � = 2.Proof. The lower bound 2��1 is a
hieved by U 
onsisting of two points u1 and u2 su
h that o is themidpoint of the line segment u1u2. Next, we prove the upper bound 1:6 � 2��1. Consider any star-setU . If U has exa
tly six points, then these points form a regular hexagon 
entered at o, and hen
e
 (TU ) = 56
 (SU ) < 1:6 � 2��1
 (SU ) :14



So we assume U has m � 5 points. For any two points u and w in U ,
 (uw) = kuwk� � (kouk+ kowk)�= 2��kouk+ kowk2 ��� 2� kouk� + kowk�2= 2��1 (
 (ou) + 
 (ow)) :Thus, the total weight of the 
onvex polygon formed by the points of U is at most 2�
 (SU ). On theother hand, as removing the largest edge of the polygon 
reates a tree on U , 
 (TU ) is at most �1� 1m�times the total weight of this polygon. Thus,
 (TU ) � �1� 1m� � 2�
 (SU ) � �1� 15� � 2�
 (SU) = 1:6 � 2��1
 (SU ) :The lemma thereby followsNow we assume � = 2 and show that � = 2. Sin
e � � 2, we only have to show that � � 2.Consider a star-set U = f(ai; ai) : 1 � i � mg :Let KU denote the 
omplete graph over U . We �rst 
laim that
 (SU) � 1m
 (KU ) :To see this, we make use of the following inequality.mXi=1 a2i = (Pmi=1 ai)2 +P1�i<j�m (ai � aj)2m� P1�i<j�m (ai � aj)2m :Thus, 
 (SU ) = mXi=1 �a2i + b2i �� P1�i<j�m h(ai � aj)2 + (bi � bj)2im= 1m
 (KU ) :Next, we 
laim that 
 (TU ) � 2m
 (KU ) :15



This 
laim 
an be proved by a simple 
ounting argument. Note that a 
omplete graph of order m hasmm�2 spanning trees, and ea
h edge appears inmm�2 (m� 1)m(m�1)2 = 2mm�3spanning trees (see, for example, Chapter 2 of [25℄). The total weight of all spanning trees of KU isthus 2mm�3
 (KU ). Hen
e, 
 (TU ) � 2mm�3
 (KU )mm�2 = 2m
 (KU ) :From the two previous 
laims, we have 
 (TU )
 (SU ) � 2m
 (KU )1m
 (KU ) = 2:So the lemma follows for � = 2.
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