Discrete Mathematics 86 (1990) 165-177 165
North-Holland

UNIT DISK GRAPHS

Brent N. CLARK and Charles J. COLBOURN

Department of Computer Science, University of Waterloo, Waterloo, Ontario, N2L 3G 1
Canada

David S. JOHNSON
AT&T Bell Laboratories, Murray Hill, NJ, USA

Received 2 December 1988

Unit disk graphs are the intersection graphs of equal sized circles in the plane: they provide a
graph-theoretic model for broadcast networks (cellular networks) and for some problems in
computational geometry. We show that many standard graph theoretic problems remain
NP-complete on unit disk graphs, including coloring, independent set, domination, independ-
ent domination, and connected domination; NP-completeness for the domination problem is
shown to hold even for grid graphs, a subclass of unit disk graphs. In contrast, we give a
polynomial time algorithm for finding cliques when the geometric representation (circles in the
plane) is provided.

1. Preliminaries

Consider a set of n equal-sized circles in the plane. The intersection graph of
these circles is an n-vertex graph; each vertex corresponds to a circle, and an edge
appears between two vertices when the corresponding circles intersect (tangent
circles are assumed to intersect). Such intersection graphs are called unir disk
graphs, and the set of n circles is an intersection model. Intersection graphs have
been widely studied (see, for example, [6]); for many classes, efficient algorithms
for standard graph problems have been devised. Many of the intersection families
previously studied form sublclasses of the class of perfect graphs, and many of the
efficient algorithms arise because the problems are efficiently solvable for
arbitrary perfect graphs. One of our primary motivations in studying unit disk
graphs is that they need not be perfect; in particular, any odd cycle of length five
or greater is a unit disk graph but is not perfect. Similarly, although unit disk
graphs have a representation as points in the plane, they need not be planar; in
particular, any complete graph is a unit disk graph.

A second motivation for studying unit disk graphs is that they arise in a variety
of settings. Another graph-theoretic definition is the following. For n equal-sized
circles in the plane, form a graph with n vertices corresponding to the n circles,
and an edge between two vertices if one of the corresponding circles contains the
other’s center. This is a containment model of unit disk graphs. A purely
geometric definition is also available. For » points in the plane, form a graph with
n vertices corresponding to the n points, and an edge between two vertices if and
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ters whose ranges intersect. Using the intersection model of unit disk graphs, we
see that frequency assignment (in its simplest form) is coloring. In the emergency
senders problem, one is to find a minimum set of transmitters which can (in an
emergency) transmit to all remaining stations. Using the containment model of
unit disk graphs, this is domination. Finally, a clustering problem of interest is to
find a maximum subset of points so that no two are at distance exceeding d;
using the proximity model, this is a maximum clique in the unit disk graph.

With these applications in mind, we study the effect of the restriction to unit
disk graphs on the complexity of the following problems, known to be
NP-complete for general graphs: coloring, clique, independent set (vertex cover),
domination, independent domination, and connected domination. We also
consider the effect of the further restriction to ‘grid graphs’, where a grid graph is
a unit disk graph in whose intersection model all the disks have centers with
integer coordinates and radius 1/2. Table 1 summarizes what is now known about
these restrictions, including for completeness two additional standard problems
whose complexity has previously been resolved for unit disk and grid graphs.

The new results of this paper are those marked by asterisks. For the case of
clique, we present a polynomial time algorithm that will find a maximum-sized
clique in a unit disk graph, given an intersection (containment, proximity) model
for the graph. For the sake of completeness, we also briefly sketch proofs of the
results attributed to [7,9, 10] in Table 1, as these references merely reported the
results, and to our knowledge no proofs have appeared. Our proof of the result




































