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Figure 3: Two basic rules to place gadgets.

the sequel A is polynomially bounded in the size of G. We can therefore consider the problem of
finding a minimum vertex cover for D(G).

During the third step of the construction, it is required to preserve Property 5 of Definition 2,
i.e., points from different gadgets are required to be within distance at least ad. Informally speaking,
the main technical problem is drawing the Z-chains corresponding to incident edges so that the
properties of Definition 2 hold. To this aim, we adopt a set of suitable construction rules that are
described in the sequel. The correctness will be given in the next section.

R1) (Simple Chains.) We first consider the two simple cases in which a chain of three vertices
a, b and ¢ in D(G) is drawn so that either: (i) the points lay on the same line; (ii) edge (a, b)
is orthogonal to edge (b,c¢). It is easy to see that the two gadgets drawn as in Fig. 3 (dash
lines represent X- and Z-chains) satisfy the properties of Definition 2.

R2) (Alternated Chains.) Let us now consider two slightly more complex situations. In the
first one we have four vertices a, b, ¢ and d as in Fig. 4(a). Notice that we cannot follow
rule R1 to correctly place the gadget of (b, c). Indeed, the presence of gadget g, requires the
Zpe~chain to be placed to the right of Xjp.. Similarly, gadget g.q imposes the Z;.-chain to be
drawn to the left of X;.. We solve this problem by adding four new vertices (namely &', ",
c’ and ¢) between b and ¢ and by “splitting” the Xp.- and the Zp.-chains into five chains
as shown in Fig. 4(b). Let us observe that this transformation is equivalent to perform the
following steps:

e Add to D(G) the four new vertices b', b, ¢’ and ¢’ between b and c.

e Modify D(G) so that &’ is moved to the bottom and to the right by one unit with respect
to b. Similarly, move b” to the right and to the bottom by two units. Finally, place
all of the remaining points of D(G) so that edges (b,8'), (¢”,c') and (¢,c) are drawn
as vertical segments, and edges (b',b"), (¢",c') and (¢,c) are represented as slanted
segments. Notice that in this way we can also keep the grid requirement also for the
new added vertices.

e Replace each vertical and horizontal segment with the corresponding gadget according
to rule RI and slanted segments as in Fig. 4(b).

It is easy to verify that introducing these new points preserves the reduction from vertex
cover since an even number of points is added. The above construction will be used every
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Figure 4: How to construct gadgets: (a) a chain of four vertices in D(G); (b) the corresponding
gadgets; (c) a node of degree three in D(G); (d) the gadgets of nodes of degree three.
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time the rule RI requires that the Z-chain of a certain gadget cannot lay on any of the two
possible sides (left-right or above-below).

R3) (Degree Three Nodes.) Finally, let us consider a vertex of degree 3. By using simple rota-
tions this situation can always reduced to that shown in Fig. 4(c). Notice that, similarly to
the previous case, there is no way to place gadgets for two of the three edges incident to b.
The main idea is to construct one of the three gadgets in a slightly different way from that
of the previous cases. We first add two new points b’ and ¢’ between b and c. In particular,
b’ and ¢’ are drawn respectively one and two units below b, and ¢’ is moved to the bottom by
two units. The resulting chain is then replaced with gadgets g, gy and go. as shown in
Fig. 4(d). Finally, we proceed in the construction of gadget gpq as follows: (i) first place ypq
at distance § + € from b in such a way that the angle Zabyyy = 37/4 (see Figure 6); (ii) place
the chain Z,4 as shown in Fig. 4(d) so to satisfy the gadget properties; (iii) construct a chain
of X-nodes from d to one node in Xjy ..

4.2.1 The Correctness.

In the sequel the term S(G) will denote the network drawn from D(G) according to the construction
rules mentioned above. Let Ly,i, be the minimum distance between any two V-points in D(G).
From the above construction it follows that Ly, is also the minimum distance between any two V/
stations in S(G). Finally, from the grid requirement of D(G) we have that Lp;, > 1. The proof of
the next lemma is given in Section B.

Lemma 4 Let § = Ly, /6. Then, an € > 0 exists for which the corresponding network S(QG)
satisfies Eq. 6, i.e., @®62 > (m —1)[(0 + €)? — 6%] + (6 + €)% where a = (1 + v/2)/2.

Combining Lemma 3 with Lemma 4 we obtain the following result.

Theorem 8 MIN 2D RANGE ASSIGNMENT 4s NP-hard.

5 MIN 3D RANGE ASSIGNMENT is APX-complete

The APX-completeness of MIN 3D RANGE ASSIGNMENT is achieved by showing an approximation-
preserving reduction from MIN VERTEX COVER restricted to cubic graphs, a restriction of MIN
VERTEX COVER which is known to be APX-complete [PY91, AK97]. The approximation-preserving
reduction follows the same idea of the reduction shown in the previous section and thus requires a
suitable 3-dimensional drawing of a cubic graph.

Theorem 9 ([ESW96]) There is a polynomial-time algorithm that, given any cubic graph G(V, E),
returns a S-dimensional orthogonal drawing D(G) of G such that:

o FEuvery edge is represented as a polyline with at most three bends.

o Vertices are represented as points with integer coordinates, thus the minimum distance L,y
between two vertices is at least 1.

e The mazimum length L., of an edge in D(G) is polynomially bounded in m = |E)|.

16



5.1 The 3-Dimensional Gadgets

In what follows, we assume to have at hand the 3-dimensional, orthogonal drawing D(G) of a cubic
graph G that satisfies the properties of Theorem 9. Then the approximation-preserving reduction
replaces each edge of D(G) with a 3-dimensional gadget of stations having the following properties.

Definition 5 (Properties of 3-Dimensional Gadgets) Let | and € be positive constants (a
suitable choice of such parameters will be given later). For any edge (a,b) the corresponding gad-
get contains the sets of points Xop = {z1,---, 21, }, Yab = {YabsUba}, Zav = {#1,--.,21,} and
Vap = {a, b}, where Iy and ly depend on the distance d(a,b) and d(yap, Ysa), respectively. The above
set of points is drawn in such a way that the following properties hold:

1. d(a,yap) = d(b,ypa) = 1.

2. Xap and Zgy are two chains of points drawn so that d(a,z1) = d(b,z;) = € and d(yYap,21) =
d(Yba, 2m) = €, respectively. Furthermore, for anyi=1,... ,1—1, d(z;,2;41) = € and for any
j=1...,m—1d(z,zj4+1) =€

3. For any x; € Xop and zj € Zyy, d(x;,2;) > 1. Furthermore d(z;,yap) > 1 and d(z;,ype) > 1.

4. Given any two different gadgets g1 and g2, for any v € g1 and w € go with u # w of different
type (for example, if u is a X-point then w is either a Y-point or a Z-point), we have that
d(v,w) > . Moreover, the minimum distance between the Y Z-component* of g and the
Y Z-component of go is 2.

5. Given any two non adjacent gadgets g1 and go, for any v € g1 and w € g9, d(v,w) > Lyyin /2.

5.2 The Construction of the 3-Dimensional Gadgets

Let [ and € two positive reals such that [ < L,,;, (this assumption guarantees Properties 4 and
5 of Definition 5) and € < [. The construction of the 3-dimensional gadgets can be obtained by
adopting the same method of the 2-dimensional case.

Let | and € be two positive reals such that | < L,,;, (this assumption guarantees Properties 4
and 5 of Definition 5) and € < I. The construction of the 3-dimensional gadgets can be obtained by
adopting the same method of the 2-dimensional case (see Fig. 1). However, the presence of the third
dimension makes the cases R2 and R3 (see Fig.s 6(a)-(b)) much easier: in fact, in order to keep
the relative distance among Y Z-components of adjacent gadgets we can locate such components
on different planes in the space. Furthermore, the choice of the plane the Y Z-component is placed
on depends on the local situation of the two endpoints of the gadget; it could be the case that
the plane required by one of these endpoint must be different from that required by the other one.
This technical problem can be easily solved, without using intermediate points, by drawing the Y Z-
component over a polyline in the space around the corresponding V X-component (see Fig. 5(d)).
More formally, each polyline representing an edge in D(G) will be replaced with a gadget such that
: (i) The X-points are drawn equally spaced on the polyline representing the edge. (ii) Z-points are
drawn equally spaced and their distance from any X-point is a constant larger than /. In particular,

“Similarly to the 2-dimensional case, the sets of points Vap U Xap and Y, U Z,p will be denoted as V X-component
and Y Z-component, respectively.
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Figure 5: The 3-dimensional gadgets. (a) An edge represented with a polyline with 2 bends. (b)
An example of a gadget corresponding to edge (a,b). (c) How to place Z-chains of gadgets whose
nodes have degree three. (d) How to change the plane of Y Z-chains.

the distance between the X-component and the Z one is achieved by drawing the Z-component
on an orthogonal polyline as in Fig. 5. It thus follows that given any 3-dimensional drawing D(G)
satisfying Theorem 9, it is possible to replace all edges in D(G) by the corresponding 3-dimensional
gadgets in time polynomial in the number of edges.

We emphasize that the 3-dimensional gadgets have two further properties which will be strongly
used to achieve an approximation-preserving reduction (see Theorem 10):

1. The set of V-points of S(G) is the set of vertices of G, i.e. no new vertices will be added with
respect to those of D(G).

2. It is possible to make the overall range cost of both X and Z points of any gadget arbitrarily
small by augmenting the number of equally spaced stations in these two chains.

Lemma 5 Let L be the length of the polyline representing edge (a,b) in D(G) and let k be the
number of points in the X (or Z) component. Then the overall power needed for the X component
18

ko) )

Moreover, it is possible to make the above value smaller than any fized positive constant by
considering a sufficiently high (but still polynomial) k.

PrOOF. The proof easily follows from the fact that L is polynomially bounded in the size of G.
O
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5.3 The Approximation-Preserving Reduction

Definition 6 (Canonical Solutions for S(G)) A range assignment r for S(G) is canonical if,
for every gadget gqp of S(G), the following properties hold.

1. FEither r(yqp) =1 and 7(Yps) = € (50, Yap 1S the radio “bridge” from the Y Z-component to the
VX one) or vice versa.

2. For every v € {a,b}, either r(v) = € or r(v) = l. Furthermore, there ezists v € {a,b} such
that r(v) =1 (so, v is a radio “bridge” from the V X -component to the YZ one).

3. For every x € Xgp, r(x) = €.

4. For every z € Zy, 7(2) = €.

Lemma 6 For any graph G, let us consider the construction S(G) in which l is a positive real that
satisfies the following inequality
L2,
2 < Zmin (10)
m

Then, for any feasible range assignment r of S(G), there is a canonical range assignment r°
such that cost(r¢) < cost(r).

Informally speaking, the presence of the third dimension in placing the gadgets allows to keep
a polynomially large gap between the value of [ (i.e. the minimum distance between the VX
component and the Y X one of a gadget) and that of € (i.e. the minimum distance between points
in the same chain component). This gap yields the significant weight of each bridge-point of type
V in a canonical solution and it will be a key ingredient in proving the next theorem. Notice also
that this gap cannot be smaller than a fixed positive constant in the 2-dimensional reduction shown
in the previous section.

Theorem 10 MIN 3D RANGE ASSIGNMENT is APX-complete.

PrROOF. The outline of the proof is the following. We assume that we have at hand a polynomial-
time p-approximation algorithm A for MIN 3D RANGE ASSIGNMENT. Then, we show a polynomial-
time method that transforms A into a p’-approximation algorithm for MIN VERTEX COVER on cubic
graphs with p' < 5p — 4. Since a constant p > 1 exists such that MIN VERTEX COVER restricted
to cubic graphs is not p-approximable unless P = NP [PY91, AK97], the theorem follows.

Consider an at most cubic graph G(V, E). Starting from the 3-dimensional orthogonal drawing
D(G) we construct in polynomial time the radio network S(G) as described in Section 5.2 (see also
Definition 5). Moreover, the construction of S(G) is made so to satisfy the hypothesis of Lemma 6
(see Eq. 10). Using the same arguments in the proof of Lemma 3, we can show that any vertex
cover K CV of G yields a canonical assignment rx whose cost is

cost(rg) = kl® + ml* + g, (11)
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where k = |K| and € is the overall cost due to all points v that have range e. Since each gadget
of S(G) has at most 4L, /€ points, it holds that

ek < 4dmL g€ . (12)

On the other hand, from Lemma 6, we can consider only canonical solutions of S(G). Thus, given
a canonical solution ¢, we can consider the subset K of V-points whose range is [. It is easy to
verify that K is a vertex cover of G. Furthermore, the cost of ¢ can be written as follows

cost(r¢) = |K|I?> + mi® + ek .

Let K°P* be an optimum vertex cover for G, from the above equation we have that the optimum
range assignment cost opt, can be written as

opt, = ‘KOpt|l2 + le + €xont (13)
Since G has maximum degree 3 then |K°P!| > m/3; so, the above equation implies that
opt, < 4K + €xopr. (14)

Let us now consider a p-approximation algorithm for MIN 3D RANGE ASSIGNMENT such that given
S(G) in input it returns a solution r?* whose cost is less than p - opt,. From Lemma 6, we can
assume that 7% is canonical. It thus follows that the cost cost(r?’*) can be written as

COSt(T'apx) = |Kapw|l2 =+ ml2 + €EKapz .

From Eq.s 13 and 14 we obtain

t apxr t apry __ t
cost(r?P*) _ cos (r®*) — opt,. 41 (15)
opt, opt,.
_ R 4 mi? e — [KPP —ml? — g (16)
opt,
Kopz l2 _ Kopt l2
Sl il (17)

- 4|K0pt|l2 +€Kopt

Note that we can make €xopt arbitrarily small (independently from /) by reducing the parameter e
in the construction of S(G): this is in turn obtained by increasing the number of X and Z points
in the gadgets (see Lemma 5).

From Eq. 12, from the fact that L,,,, is polynomially bounded in the size of G and from the fact
that [ and L,,q, are polynomially related, we can ensure that €xopt < [2 by adding a polynomial
number of points (see again Lemma 5). So, from Eq. 15 we obtain

cost(r®®) _ |K%T(? — | K°Pt|[? |KP®| 4
> 1>

opt, — 4|KP2 + et = 5|Kort| T5-

Finally, it follows that the approximation ratio for MIN VERTEX COVER is bounded by

| K9P Beost(r?P*)
|Kopt| —  opt

T
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6 Open Problems

An interesting problem which is still open is whether MIN 2D RANGE ASSIGNMENT is APX-
complete or admits a PTAS. Notice that a possible APX-completeness reduction should be from a
different problem, since MIN VERTEX COVER restricted to planar graphs is in PTAS. As for the
MIN 3D RANGE ASSIGNMENT problem it could be interesting to reduce the large gap between the
factor 2 of the approximation algorithm and the inapproximability bound than can be derived by
combining our reduction with the approximability lower bound of MIN VERTEX COVER on cubic
graphs. As far as we know, there is no known significant explicit lower bound for the latter problem
(an explicit 1.0029 lower bound for MIN VERTEX COVER on degree 5 graphs is given in [BK98]
that — if it could be extended to cubic graphs and then combined with our reduction — would give
a lower bound for MIN 3D RANGE ASSIGNMENT of 1.00059).

A crucial characteristic of the optimal solutions for the MIN 3D RANGE ASSIGNMENT instances
given by our reduction is that stations that communicate directly have relative distance either equal
to l or ¢, where [ >> €. It could be interesting to consider instances in which the above situation
does not occur. Notice that this is the case of the MIN 2D RANGE ASSIGNMENT instances of our
reduction. Thus, the problem on such restricted instances remains NP-hard. However, it is an
open problem whether a better approximation factor or even a PTAS can be obtained.

Another interesting aspect concerns the maximum number of hops required by any two stations
to communicate. This corresponds to the diameter h of the communication graph. Our construc-
tions yield solutions whose communication graph has unbounded (i.e. linear in the number of
stations) diameter. So, the complexity of MIN dD RANGE ASSIGNMENT with bounded diameter
remains open also in the 1-dimensional case. A special case where stations are placed at uniform
distance on a line and either h is constant or h € O(logn) has been solved in [KKKP97].
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A Proof of Theorem 7

PrOOF. The upper bound is an immediate consequence of Theorem 3. As for the lower bound,
given ST, we construct an instance S as follows: consider a partition of the [ x [ square Q into a
grid of /n x \/n cells of side u = I/v/N. The instance S consists of the set of stations located at
the center of every non-empty cell. It is easy to verify that S is well-spread (indeed, §(S ) > u).
An easy application of the well known occupancy problem analysis [RM95] shows that there is a
constant v > 0 such that, w.h.p. |S | > yn. Observe that Theorem 2 implies the lower bound in
Eq. 5 for S . So, we will prove the theorem by showing that opt, (S%) = Q(opt, (S )).

Let us consider a (feasible) h-assignment rf for S®. The corresponding h-assignment for S is
defined as follows. For any s € S

r (s) = V2u +max{rf(t) |t € c, } (18)

where ¢, is the cell containing s. Since r® is an h-assignment for S® then it is easy to see that r

is an h-assignment for S . We now need the following

Claim 1 Two constants a > 0 and 8 > 0 exist such that, with high probability (w.h.p.), at least
B|S™| cells contain a station t of ST with r%(t) > au.

PROOF OF CLAIM 1. In order to prove the above claim we consider super-cells, i.e. squares of 9
cells and of side 3u. We then say that a supercell is occupied if it contains at least one station of
S® in the central cell;

We will now show that if there exist at least m occupied cells then it is possible to find at least
m/25 pairwise disjoint supercells. In fact, assume on the contrary that the maximum number of
occupied pairwise disjoint supercells that can be defined is less than m/25. Let us consider a set of
pairwise disjoint supercells of maximum size and the set M of the central cells of such supercells.
Then, the number of cells contained into the radius 2 neighborhood (Manhattan distance) of some
cell in M is less than m. So, at least one further disjoint occupied supercell can be found thus
contradicting the assumption. From the above fact, we can state that, w.h.p., there are at least
(7/25)n pairwise disjoint occupied supercells.

We say that a supercell C is bad if it is occupied and no station t in C exists with r%(¢) > au
(the choice of « is given later) while a supercell is good if it is occupied and is not bad. We define
the set BAD (GOOD) as the set of all the bad (good) supercells. Our next goal is to prove that
|BAD| < an. We assume that there exist at least two distinct occupied supercells (this happens
w.h.p.). Let C be a bad supercell and C’ be another occupied supercell. Since the “central” station
in C' must communicate to any station in C’, we have that

D rf(s) > u;
seC

Since C is bad, we obtain that |C| = |{s € S&|s € C} > £ = 1 We thus have that |[BAD| < an.
By choosing = a = /50, we have that, w.h.p., |GOOD| > fn. O
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For any s € S%, let ¢(s) be the cell corresponding to s, and let max(s) be the maximum range
rE(t) over all stations t € S¥ such that ¢ € ¢(s). From Claim 1, we have that:

cost(r(s5)) = 3 r()? = Y (Vau + max (e(s)))”
sESW sESw
2

_ 3 ((1 + \/E)u)2 + 3 ((1 n g) ma.x(c(s)))

sESW:max(c(s))<au s€S%:max(c(s))>au

2 2
s ZséS“’:max(C(S))>au <(1 + g)max(c(s)) =2 (1 + g) 2 )
- s€SR

B Proof of Lemma 4

We now show that if § = Ly, /6 then the distance between two points from two different gadgets

is at least «d, where o = 1"'2—‘/5

From the drawing D(G) and from the choice § = Ly /6, it should be clear that points from
“non-adjacent” gadgets are within a distance larger than 26 > «ad. So, we can focus on adjacent
gadgets and distinguish the three rules R1-3 used in the construction of such gadgets.

Rule R1. If the two adjacent gadgets g,» and g, are placed on the same line as in Fig. 3(a) then
their minimum distance is that between . and its nearest X, -point. Such a distance is
larger than 36/2. If gq and gy, are drawn as in Fig. 3(b) then the minimum distance between
the two gadgets is that between the X, ,-point nearest to b and the Xj.-point nearest to b.
Such a distance equals v/24.

Rule R2. In this case, for a sufficiently small ¢ > 0, the minimum distance is that between yy
and its nearest Xy -point (see Fig. 6(a)). Let (p), be the y-projection of p € R?. Then,

142

2(5.

d(yyy, Xoyr) > d((yws)ys (Xppr)y) =

Rule R3. The two nearest points are yp, and ypq (see Fig. 6(b)). Similarly to the previous case
we can derive the following lower bound for d(ypq, Ysq)

5§ &+ 1++v2
d(Yba> Yod) > A((Yba)z> (Ubd)z) = = + ‘ 0.

T2 N

Finally, let us observe that the right side of Eq. 6 tends to 62 as € — 0 and that « is a constant
larger than 1. This immediately proves the lemma.
O
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Figure 6: The proof of Lemma 4. (a) Rule R2. (b) Rule R3.

C Proof of Lemma 6

PrROOF.

We use the same method of Lemma 2. In particular, we describe the generic step of an iterative
process that yields a canonical range assignment r¢ such that cost(r) > cost(r®). The number of
steps is bounded by the number of points having a non-canonical assignment.

By definition, at least one property of Definition 6 is not satisfied by r. The four cases can be
easily reduced to the following two situations.

a) (Local Transformation.) We assume that any point in S(G) has power range smaller than
Lynin/2 (this implies that at most two adjacent gadgets can be “covered” by a point). We
now prove that the cost difference cost(r) — cost(r) is non negative. Let u be the point having
a non canonical assignment and let w be the V-point shared by the two covered gadgets. If
r(u) <1 (i.e. u is not a “bridge” between the V X-component and the Y Z one), then we can
easily find a canonical assignment for u that does not increase the cost. So, in what follows,
we assume that r(u) > [.

1. u € Zg. Set r°(u) = € and set the range of w and one point from Yy, (say yas) to L.
Since in any feasible solution the transmission range of w and ¥, is at least ¢, and from
the 4-th property of Definition 5, i.e. r(u) > 2, we obtain

cost(r) — cost(r®) = r(u)2 + 1“(w)2 + 7"(yab)2 — rc(u)2 — 7"c(w)2 — rc(yab)2
> r(u)? 4 e — 20
> 2% 4+ €2

2. u € Xgp. Set r¢(u) = € and 7°(w) = [. Since in any feasible solution the range of w is at
least ¢, we obtain

cost(r) — cost(r®) = r(u)?+r(w)? —r(u)? — r(w)?
> r(u)?+ e - 12
Z T(U’)2 - l2a
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which is non negative since r(u) > [.

3. u € {a,b,Yap,Yba}- Simply set r¢(u) = [. Then the difference of the costs of the two
solutions is r(u)? — 12 > 0.

b) (Global Transformation.) Let u be a vertex whose range r(u) is sufficient to cover two or
more gadgets other than that containing u. We first set r¢(u) = [. We then canonically assign
the new ranges to the stations of those gadgets g, that were covered by u (i.e the VX-
component of g,y is not anymore strongly connected to its Y Z-component). In particular,
if g’ = gq1py, for some a' and ', we assign r°(a’) = I. Two cases may arise depending on the
number of gadgets ¢’ covered by u in the non canonical assignment.

1. At most two gadget ¢’ and ¢” (those adjacent to g - remind that we consider only graphs
of maximum degree three) were covered by . In this case the overall cost increment in
r¢ due to the gadgets ¢’ and ¢” is at most

202 — €%) .
From Property 4 of Definition 5, we have that r(u) > 2I, so,
cost(r) — cost(r®) = r(u)? — 12+ 2(1> — ) > 1>+ 26> > 0 .

2. At least three gadgets were covered by w in r. Since the number of gadgets of S(G) is
at most m, the overall cost increment in ¢ due to such gadgets is at most

(m —1)[i2 — €.

Since at least one gadget g’ non adjacent to g was covered by r(u), from the 5-th property
of Definition 5, we have that r(u) > Ly, /2. Thus

cost(r) — cost(r) = r(u)? —1?— (m—1)[I* — €

> (Lmin/2)2 - l2 - (m - 1)[12 - 62] >0,

2

where the last inequality follows from the assumption L2, > mi?.

27



