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ABSTRACT

We propose very simple randomized algorithms to compute
sparse overlay networks for geometric random graphs mod-
elling wireless communication networks. The algorithms
generate in constant time a sparse overlay network that,
with high probability, is connected and spans the whole net-
work. Moreover, by making use of the “power of choice”
paradigm, the maximum degree can be made as small as
O(loglogn), where n is the size of the network. We show
the usefulness of this kind of overlays by giving a new pro-
tocol for the classical broadcast problem, where a source is
to send a message to the whole network. Our experimental
evaluation shows that our approach outperforms the well-
known gossiping approach in all situations where the cost
of a message can be charged to the pair (sender, receiver),
i.e. to the edge connecting the two. This includes sensor
networks.
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1. INTRODUCTION

In the study of wireless communication networks, the fol-
lowing setup is natural. A number n of nodes are distributed
in some geographical region. Links can be established be-
tween any pair of nodes within a given distance r from each
other.

What is a good strategy for comnecting nodes to each
other, in order to obtain good connectivity of the
resulting global network?
(1.1)
We shall for simplicity take the geographical region to be the
unit square [0, 1], and also make the standard probabilis-
tic model assumption that the positions of the n nodes are
random: independent and uniformly distributed on [0, 1]%.
An obvious answer to question (1.1) is to establish links
between all pairs of nodes within distance r from each other.
We shall refer to this as the full visibility graph and denote
it as G}, where n is the number of nodes. Computing G} in
a wireless environment may be very costly, so one would like
to find a localized, distributed strategy (i.e., not requiring
global optimization or coordination) which keeps the num-
ber of links incident to each node small. This problem arises
for instance in the context of Bluetooth (BT) ad hoc net-
works. The BT standard requires network nodes to become
aware of their neighbors (i.e. of nodes within transmission
range). Once two neighbors become aware of each other
a reliable communication channel between them can be es-
tablished. This is the so-called device discovery phase the
objective of which is to set up a globally connected network
by means of these reliable links. As shown in [5], for each
node to discover all neighbors, i.e. to set up Gy, is too
time consuming. Fortunately, as shown in [20], reasonable
time-outs, in the order of 10 seconds, give good statistical
guarantees of connectivity. However, protocols based on ab-
solute time limits are clearly not robust (i.e. independent
neither of the technology nor of specific environmental con-
ditions). Our first contribution is to give a robust local rule
for generating connected BT networks. As a first approxi-
mation, BT device discovery is a randomized protocol that
selects neighbours within range with uniform probability [6].
This motivates the following definition.

DEFINITION 1. Fiz r > 0 and a positive integer c. We
take G . = (V' E}.) to denote the geometric random graph
defined as follows.



o The vertex set V,". consists of n points, picked indepen-
dently according to the uniform distribution on [0, 1]>.

e Fach node v € V,”. connects to ¢ nodes chosen uni-
formly at random among those within distance r. If
the number of such modes is less than ¢ then v con-
nects to all of them. This is done independently for all
nodes v.

The resulting graph G . is called the irrigation graph with
parameters r, ¢, and n.

For this model we prove the following.

DEFINITION 2. Let s € (0,1] be some fized constant. An
s-giant component of an undirected graph G is a connected
subgraph of G containing at least ns of the vertices.

ProprosiTION 3. Fizr > 0 and ¢ > 2. Then there exists
a constant s > 0 such that,

lim P(G;.(u) is a s-giant component) = 1. (1.2)

n— oo

The emergence of a giant component is interesting and po-
tentially useful. But Proposition 3 is also a natural step
toward proving the main result of this paper.

THEOREM 4. Fixzr >0 and ¢ > 2. Then

lim P(G}. is connected) = 1.
n—oo

(1.3)

Although we stated our results in terms of limits both state-
ments hold with high probability. The probability of the
complementary events goes to 0 as ©(n~°) for some ¢ €
(0,1).

This theorem explains the above mentioned experimental
results. If a BT device runs the device discovery protocol for
a few seconds, it will have the possibility of discovering at
least a couple of neighbours. Therefore true device discovery
dominates G7. (for ¢ = 2,3,4) which, according to the the-
orem above, is connected with high probability. Note that
Definition 1 also gives the desired robust local protocol for
connectivity. The simulations presented in this paper show
that the protocol generates connected networks not only “in
the limit” but already realistic sized networks, for very small
values of ¢ = 2, 3,4.

In general, Definition 1 embodies a very simple distributed
algorithm to compute a sparse overlay (sub)network of the
full visibility graph. In the synchronous, message-passing
model of computation the running-time of the algorithm is
constant. Also note that G7.. can be computed in a com-
pletely asynchronous fashion. In [19] it is shown that, for
each r, there exists a ¢ such G}, is an expander with high
probability (this result does not subsume the theorem above
since here c is rather huge). All this makes the protocol use-
ful in several contexts. Indeed, in [29] G}, is used to give
an efficient implementation of directed diffusion, a classical
method used to compute routing tables. In [6] a variation
of G}, is used to solve with one stroke the above mentioned
device discovery problem together with the scatternet for-
mation problem in Bluetooth networks. The resulting pro-
tocol outperforms all previous existing solutions. A similar
approach is pursued in the independent research of [3, 4].

In this paper we introduce another application of Gy, to
the very basic broadcast problem where a source s is to send
a message to every node in the network. Many broadcast
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(also called routing) protocols have been proposed in the
literature for wireless networks. Some such as LAR [28]
and DREAM [9] use GPS for position information whereas
others such as AODV [31], ZRP [27] do not. All of these
however use flooding: Starting from the source, every node
that receives the message for the first time forwards it to
its neighbours. Some heuristic optimizations are added on
top of this basic scheme [26]. If the network is connected
this process delivers the message to every node in the net-
work. The communication cost of flooding however is typi-
cally too high and several alternative approaches have been
proposed [23, 25]. A popular alternative is vertez-based gos-
siping: starting from the source, every node that receives
the message for the first time forwards it to its neighbours
with probability p. A related approach is edge-based gossip-
ing: starting from the source, every node that receives the
message for the first time forwards it to each neighbour with
probability p. That is, when a node receives the message, a
coin is flipped for every neighbour. Note that flooding is the
limit case of gossiping when p = 1. Randomized gossip has
become recognized as a component of building large scale
distributed systems with robust communication (see, among
others, [7, 32, 11, 12, 10, 13, 3, 4]). Hass, Halpern and Li [§]
argue that randomized gossip can be used to significantly
increase efficiency by reducing the number of messages sent
by up to 35 %.

In this paper we propose the following alternative strat-
egy which we dub irrigating: Flood through G7.. We present
empirical results demonstrating that irrigating is fairly su-
perior to gossiping in every situation in which the cost of
sending a message from a node u to another node v can be
charged to the edge wv. This is the case for instance of sensor
networks where the cost of sending a message is comparable
to that of receiving it. The thorough empirical study of [18],
based on the theoretical results and the preliminary empir-
ical observations presented here, confirm that irrigating is a
very effective approach for broadcasting in sensor networks.

In many applications, including Bluetooth, it is very im-
portant to generate sparse overlays with small maximum
degree. It is not hard to see that the maximum degree of
G7. is ©(logn/loglogn). By making use of the ”power-of-
choice” (see [2, 17]) we show that the maximum degree can
be reduced substantially while still retaining a very simple
protocol.

DEFINITION 5. Fiz r > 0 and positive integers ¢ and d.
We take G, 4 = (V.. 4, B} 4) to denote the geometric ran-
dom graph defined as follows.

e The vertex set V.., consists of n points, picked in-

dependently according to the uniform distribution on
[0, 1)*.

e Each node v € V", ; connects to c vertices. Each time
v connects to a vertex it chooses d vertices indepen-
dently and uniformly at random among those within
distance r. It then connect only with the lowest degree
vertex among those d vertices. This is done indepen-
dently for all nodes v.

The following theorem shows that while still achieving
connectivity, the “power—of—choice” paradigm achieves a near-
exponential decrease in the maximum degree and also a
qualitative amelioration of the entire degree sequence pro-
file.



THEOREM 6. Fiz r > 0 and positive integers ¢ > 2 and
d > 0. Then

(a)

lim P(G} .4 is connected) = 1.

n— oo

(1.4)

(b) The mazimum degree of a vertez in G . 4 is ©(loglogn)
with high probability.

(c) The degree sequence of G, 4 is stochastically majorized
by the degree sequence of Gy, 4 for d <d.

Intuitively the third statement means that the degree se-
quence is more concentrated around the mean and hence
more regular. For instance, the highest degree is smaller,
but the least degree is higher.

Assuming that each processor makes its ”two choices”
atomically, it is possible to show that the distributed al-
gorithm embodied in Definition 5 can be implemented in
O(logn) steps per processor. For lack of space the discus-
sion is omitted from this extended abstract.

We shall consider one more model, which captures the
natural situation in which links may fail.

DEFINITION 7. Fixr > 0, ¢ > 2, and p € (0,1). The
graph Gr. ., = (V" p, By c.p) 1 defined as the geometric ran-
dom graph obtained by the following procedure.

e First, generate a Bluetooth graph G7.. = (V."., E;.) as
in Definition 1.

o Then, for each edge e € E;. independently, delete e
with probability 1 — p (thus keeping it with probability

D)

The resulting graph Gy, is called a thinned irrigation
graph with parameters r, ¢, p and n.

Our main result for thinned irrigation graphs is the follow-
ing, which shows that, provided p is not too small, the giant
component result (Proposition 3) extends to the thinned ir-
rigation model. However, there is a striking qualitative dif-
ference in that the connectedness result (Theorem 4) does
not obtain:

THEOREM 8. Fizr >0, ¢ > 2, and p > % Then there

exists a constant s > 0 such that

lim P(G}., has an s-giant component) = 1.  (1.5)
On the other hand,
lim P(G}., is connected) = 0. (1.6)

n—o0

We remark that an easy branching process comparison shows
that the emergence of a giant component fails when p is
sufficiently small. In fact, our main technique for proving
the results stated above is also comparisons with branching
processes, but these are somewhat more sophisticated. This
difference comes from the fact that for the small p result, the
comparison works by showing that a certain branching pro-
cess dominates the connected component containing a given
vertex, while for our main results, the comparison goes the
other way.

The use of branching process comparisons to establish
connectivity properties is quite standard in percolation the-
ory (see, e.g., Meester and Roy [16]), but deserves to become
better known in the study of wireless networks.
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In the next section, we prove Proposition 3, while Sec-
tions 3 and 4 are devoted to the proofs of Theorems 4 and
8 (Equation 1.6), respectively. For lack of space, the proof
of part (a) of Theorem 6 is omitted altogether. It follows
from an argument similar to the proof of Theorem 4. Sec-
tion 5 presents our experimental evaluation of irrigating and
gossiping for the broadcast problem.

2. GIANT COMPONENT

For the purpose of proving Proposition 3, and also later,
Lemma 9 below will be useful. Fix an integer k such that

V5

k> - (2.7)

11

and partition [0, 1)? into k? subsquares of size z X % in the
obvious way. (One point of this choice of k is that it ensures
that any two points sitting in adjacent subsquares are within
distance r from each other; this will be needed in the proof
of Theorem 4.)

Let A be the event “each of the k* subsquares contains at
least 53 points”.

LEMMA 9. For any fized k, we have

lim P, (A) = 1. (2.8)
Proof: Fix a square S and let X denote the number of
points in S. Then, u := EX = ;5 and, by the Chernoff-
Hoeffding bound,

n —n/8k?
Thus, the probability that some square has less than the

2
required number of points is at most k*e™"/8%" . |

To investigate connected components of the irrigation graph,
we shall employ the following method, which we will call
the sequential discovery procedure (this is simply a
breadth-first exploration). First, select a node vy at ran-
dom (among all n nodes). Then consider the ¢ edges chosen
by vo (in the device discovery procedure of Definition 1),
and denote the endpoints (other than wg) of these edges
by vi1,...,v.. Then continue with the edges chosen by w1,
and so on, in a breadth first search manner. Each time a
new node is encountered, the node reached by it is included
in our list of nodes, and the choice is deemed a success.
Sometimes, the edge leads to a node already seen in this
procedure, in which case the choice is said to be a failure.
At any point of this search procedure, we may stop, and
those vertices encountered whose outgoing edges have not
been investigated (yet), are called fresh nodes.

At various stages of our arguments, we will invoke a com-
parison between the sequential discovery procedure and a
(Galton—Watson) branching process. Such a branching
process (see, e.g., Harris [14] or Asmussen and Hering [1])
begins with mo individuals. Each of these begets, indepen-
dently of the others, a number of offspring, which has some
given distribution f on the non-negative integers. Each of
these children then has a number of children for themselves,
again independent with distribution f. And so on, again in
a BFS manner. One of two things will happen: either the
branching process dies out after a finite number of gener-
ations, or it survives (forever). Excluding the trivial case
where f puts unit mass on 1, it is well known that the



branching process has positive probability of surviving if
and only if f’s first moment is strictly greater than 1.

We shall be particularly concerned with a branching pro-
cess whose offspring distribution is the binomial distribution
Bin(2, p). This can be compared to the sequential discovery
procedure for ¢ = 2 in the following way. Suppose that we
can show that up until some given stage S of the sequential
discovery procedure, each choice of a new node to connect
to has probability at least p (conditionally on everything
seen so far) of being a success. Then we can make a joint
construction (a so-called coupling; see [15]) of the sequential
discovery procedure and the Bin(2,p) branching process in
such a way that each individual in the branching process
corresponds to a particular node (not shared by any of the
other individuals of the branching process) of the sequential
procedure, up until the given stage S. We say in this case
that the sequential procedure up until stage S stochasti-
cally dominates the branching processes (for stochastic
domination see for example [15]). We will show that the
sequential discovery procedure first generates almost surely
a set of logn points and that from then on each point u
begets offsprings with distribution Bin(2, p.), with p, > 2.
It follows from a standard application of stochastic domina-
tion that the survival probability of the sequential discovery
procedure is at least that of logn independent branching
processes with distribution Bin(2, 2).

Proof of Proposition 3: We prove the result for ¢ = 2
only, which is obviously enough since adding edges is not
going to destroy a giant component.

Run the sequential discovery procedure until the outgoing
edges of log(n) nodes are investigated (or until there are no
more fresh nodes, in which case we are stuck).

By Lemma 9, we may assume that the event in (2.8) hap-
pens, and condition on that event. By the choice (2.7) of
k, this means that each time a node selects another node
to connect to, there are at least 57 nodes to choose from.
And each time, there are at most 2log(n) nodes that have
already been seen, so each edge has probability at most

4k21
4k log(n) (2.9)
n
of hitting a node that has already been seen. Hence, the
probability that at least one of the 2log(n) choices is a fail-
ure, is at most

4k*log(n) _ 8k*(log(n))?

21
og(n) " - ,

(2.10)

which tends to 0 as n — oo. Hence, the probability that
all choices, up until the outgoing edges of log(n) nodes are
investigated, are successful, tends to 1 as n — oo.

Hence, we have shown that with probability approaching
1 as n — oo, we get a connected component with at least
2log(n) nodes. But this is not enough to prove Proposition
3, which asserts a component whose size is linear in n.

We can, however, continue the sequential discovery pro-
cedure from the log(n) fresh nodes that we have (assuming
that all choices so far have been successful). Let us continue
the sequential procedure until the stage S when either a to-
tal of gz nodes have been found (or no fresh nodes remain).
Before stage S, each new discovery has, by an analogous ar-
gument as that used to establish (2.9), probability at most

n/8k*> 1

n/2k? 4
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of not being successful. It follows that the sequential discov-
ery procedure starting from the log(n) nodes until stage S
stochastically dominates a Bin(2, 2) branching process with
the same initial number of individuals. Let A be the event
“the sequential procedure fails to survive until gz nodes are
found” , let B be the event “a Bin(2,2) branching process
starting with log(n) individuals dies out” and let C be the
event “a Bin(2, 2) branching process starting with 1 individ-
ual dies out”. We therefore get, conditionally on no failures
associated with the first 2log(n) nodes,

logn

P(A) < P(B) = P(0)**™ = (1 — a) (2.11)

where o > 0 is the survival probability of a Bin(2,3)
branching process starting from a single individual (an easy
calculation shows that a = g, but we only need the fact
that a > 0, which follows from the fact that the offspring
distribution has expectation 2 > 1). The sum of (2.10)
and (2.11) tends to 0 as n — oo, whence (1.2) follows with
s = @, and we are done. O
Note that by Lemma 9, (2.10) and (2.11) the probability of
not having a giant component is ©(n ™) for € > 0.

3. CONNECTIVITY

In this section we go on to prove the connectedness of G7. .
asserted in Theorem 4. We begin by proving the following
strengthening of Proposition 3.

Let D be the event “every node of G7.. is in some s-giant
component”.

ProposiTioN 10. Fixr > 0 and ¢ > 2. Then there exists
a constant s > 0 such that

lim P(D) = 1.
Proof: Again, it suffices to consider ¢ = 2. As in the
previous section, let o denote the survival probability of
a Bin(2, %) branching process starting from a single individ-
ual.

We proceed using the sequential discovery procedure as in
the proof of Proposition 3, with the following modification.
Instead of initially running it until the outgoing edges of
log(n) nodes have been checked, run it until the outgoing
edges of alog(n) nodes have been checked, where a is a fixed
number chosen so that

1
a >’10g <iﬁ:7;) .

The estimate in (2.10) then becomes replaced by
However, since the result we are trying to prove concerns all
n points simultaneously, we need to improve on this estimate
(which, when multiplied by n, fails to approach 0). To do
this, note we can afford to have one failed edge during the
discovery of the outgoing edges of the first alog(n) nodes
without very much damage (there will still be alog(n) fresh
edges at the end of this search). To estimate the probability
that at least two choices fail, note that there are less than
M pairs of times during the procedure at which the
choices can fail, and for each such pair the probability of

8k2a2(log(n))? .
n

2alog(n)
n/2k2

2
failure in both is at most ( ) (assuming as before



the event in Lemma 9). The probability that at least two of
the 2alog(n) choices are failures is therefore at most

(alog(n))? (Qalog(n))2 _ 8k'a’(log(n))*
2 n/2k? n?

. (3.12)

which tends to 0 at a rate which (as we shall see) is fast
enough for our purposes.

Again imitating the proof of Proposition 3, we go on to
run the sequential discovery procedure until a total of
nodes have been found. Let £ be the event “the sequential
procedure fails to survive until g nodes are found”. Since
we begin with alog(n) fresh nodes, the analogue of (2.11)
becomes

P(&) < (1— ) = p° (3.13)

where b = —alog(l — «), and b > 1 by the choice of a.

On the event in Lemma 9 (whose probability tends to 1),
we can bound the probability that some node fails to sit in an
s-giant component (with s = #) by adding the estimates
in (3.12) and (3.13) and multiplying by the number of nodes
n. This yields

a)

8k*a (log(n))*

1-b

+n (3.14)

which still tends to 0 as n — oo, so the proof is complete.
O

Proof of Theorem 4: As usual, we need only consider the
¢ = 2 case. Note that in view of Proposition 10 with the
estimate

= 3.15
yE (3.15)
that comes out of its proof, the only thing that can cause
(1.3) to go wrong is if there exists an € > 0 such that

limsupP(F) > ¢.

n—o0

(3.16)

where F is the event “Gy . contains at least two distinct
#—giant components”.

Now consider the experiment of generating G;. . and then
picking two of its nodes at random; let A denote the event
that these two nodes end up in the same connected com-
ponent. By conditioning on the first of these nodes, we see
that (3.16) implies that

€
8k2

In order to prove the theorem, it therefore suffices to show
that

limsup P(—=A) >

n—oo

lim P(=A) = 0.

n—o0

(3.17)

Let us denote the two nodes chosen at random by vp and
vi. By Proposition 10 and the estimate (3.15), we may
assume that vo is in a connected component of at size least
siz- Then, by the pigeonhole principle, at least one of the
k? subsquares of [0,1])? introduced in Section 2 contains at
least g7z nodes of that connected component. Let us pick
such a subsquare and denote it by B.

Next, fix an integer m, and run the sequential discovery
procedure starting from the other node v1, with the follow-
ing restriction. As soon as an edge fails to lead to a new
node, we give up. Assuming this does not happen, we run

110

the procedure until the outgoing edges of exactly m—1 nodes
have been investigated; this leaves us with exactly m fresh
nodes. Let wi,...wy,, denote the fresh nodes after having
checked the outgoing edges of m — 1 nodes in the sequential
procedure. Pick one of these vertices, w;, and denote the
subsquare it sits in by B; . We can then find a sequence of
subsquares Bj 1, Bi2, ..., Bi¢, £ < 2k, such that

(i) for each j € {0,1,...,¢ — 1}, the subsquares B; ; and
B;,j+1 are adjacent, and

(i) Biy = B.

Fix such a sequence, and consider the ‘“naked-branch” se-
quential discovery procedure starting from w;, and denote
the nodes found along this branch by wi 1, wiz2,...,wis.
Given the event in Lemma 9 (which we may assume hap-
pens), the probability that w;,1 ends up in B;1 is at least

%%2 = 51z (due to our choice (2.7) of k). Given that, the
conditional probability that w; 2 ends up in B; 2 is at least
ﬁ. And so on. Finally, given that w;¢—1 is in B;¢—1, the
conditional probability that w; . is in the connected com-
n/8k* 1

ponent of v, is at least =2~ = g7. Multiplying these
conditional probabilities yields that w; ¢ has probability at

least
-1 2k—1
1 1 (L 1
2k2 8kt — \ 2k2 8k*

of being in the connected component of vg.

On the event that no checked edges result in failures (which
we assume), the m different “naked branches” move inde-
pendently, so (3.18) implies that the probability that none
of them hit the connected component of vg is at most

o T \"
<1(2k—1) @)

We have thus shown that

(1 - <%)2H ;F)m . (3.19)

Now, m was arbitrary, and the right hand side of (3.19) can
be made as small as we wish by picking m large. Hence
(3.17) is established and the proof is complete. O

(3.18)

limsup P(—A4) <

n—o0

A careful examination of the estimates of failure probabil-
ities in the proof above show that the probability of not
having connectivity is at most ©(n~°), for € > 0.

4. THINNED IRRIGATION

In this section, we go on to consider the thinned irrigation
graph, and in particular to prove Theorem 8. We begin with
the easy part.

Proof of Theorem 8, part (1.6): First construct the
(non-thinned) irrigation graph G7 .. This graph contains at
most cn edges, so the nodes have on average degree at most
2c. It follows that at least 3 nodes have degree at most 4c.
Among % such nodes, we can find a subset A of size at least
2(Tn+1)7 such that no two of the nodes in A share an edge.
When we now delete edges from G . to obtain the thinned
irrigation graph Gy . ,, each node in A gets all its edges
deleted with probability at least (1 —p)*°, independently for



different nodes in A. Hence, the probability that at least
one node in A becomes isolated in G7.. , is at least

L= (1= (1—p)*) 7D
which tends to 1 as n — oo, and (1.6) follows. O

Proof of Theorem 8, part (1.5): Omitted from this
extended abstract. a

5. EXPERIMENTS

In this section we perform an empirical evaluation of two
algorithms for the broadcast problem, (vertex and edge-
based) gossiping and our new irrigating approach. Recall
that in the broadcast problem a source is to send a message
to all nodes in the network. In the gossip protocol each node
that receives the message for the first time forwards it to its
neighbours with probability p, while irrigating consists of
flooding through G7.. It is not hard to see that, for any
fixed p and r, vertex gossip does deliver the message to all
nodes for large n with high probability. An outline of the
proof is as follows. For large n every little box of the sub-
division of the unit square will contain ©(n) nodes. Thus
the source will deliver the message to ©(n) nodes. Thus ev-
ery adjacent box will contain ©(pn) = ©(n) nodes that will
try to gossip. With high probability at least one will suc-
ceed, reaching ©(n) nodes in all adjacent boxes, and so on.
Thus, with high probability, every node v in the network is
surrounded by ©(n) nodes within transmission radius that
have received the message and will try to gossip. But then,
u too will be reached by the message with high probability.
Thus, both gossip and irrigating are reliable in the limit,
i.e. for large n. It becomes then interesting to see if an
experimental evaluation can sharpen our analysis.

The main conclusion of our experimental evaluation is
that indeed the two processes differ significantly:

e It is more likely that G, be connected than gossip
reaches all nodes in the network. Thus irrigating is a
more reliable protocol than gossiping.

e The number of edges along which a message is sent
by gossiping is much greater than the number of edges
of G}.. Thus, in all situations where the cost of a
message can be charged to the edge connecting the
two nodes, irrigating is a much more efficient protocol.
In particular this applies to sensor networks, for which
the cost of sending a message is roughly equal to that
of receiving it.

e Graphs generated using “the power of choice” retain
the same good connectivity properties of G, while
their maximum degree drops significantly. The graphs
also tend to be more regular.

We have performed our experiments by distributing points
at random over a 1000 x 1000 points grid, varying the var-
ious parameters such as number of nodes and transmission
radius between intervals that are realistic for wireless net-
work applications. The charts we show exemplify the gen-
eral trends. Essentially we are considering three protocols:
flooding, corresponding to Gy, irrigating, corresponding to
G for various values of ¢, and gossiping.

Perhaps the most telling figure is Figure 5.1 (a). On the
y-axis we report P, the relative size of the largest connected
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component of the graph generated by the various processes
G}, G7. and gossip (with p = 0.5). When P = 1 the graph
is connected and thus the corresponding protocol reaches all
nodes. The striking feature is that the curves of G} and G4
overlap, meaning that G, is connected as soon as the full
visibility graph is and thus that irrigating is as reliable as
it can be. In particular, irrigating with G, is as reliable as
flooding, but much cheaper. In contrast gossiping reaches a
very small fraction of the nodes when the underlying graph
becomes connected (n = 1000). Note also that G}, and G
work quite well.

Figure 5.1 (b) compares the probability that irrigating
(with G74) reaches all nodes to the probability of gossiping
doing the same (with p = %) As predicted, gossiping does
reach all nodes for large n, but it does so much later than
the instant when the visibility graph becomes connected.
Irrigating, as observed, on the other hand reaches all nodes
as soon as the visibility graph becomes connected (the curves
of G4 and G} are superimposed).

Figure 5.2 exemplifies the second main conclusion, namely
that gossiping is much more expensive than irrigating in
terms of edges used. On the y-axis we report the relative
number of edges used by the two protocols (number of edges
used divided by the total number of edges of the visibility
graph). Clearly, as the number of nodes grows G} becomes
denser and therefore the proportion of edges used by the G,
must go to zero. This prediction is fully confirmed by the
data. In contrast, a quick back of the envelope calculation
shows that gossiping with p = % is bound to use 75% of the
edges. As seen, for large n gossiping reaches all nodes. If we
consider an edge uv of the visibility graph this edge will not
be used by gossiping if both u and v fail to gossip, an event
that happens with probability p?. Thus we expect that a p?
fraction of the edges will not be used and concentration of
measure says that the actual number will be very close to
this. Figure 5.2 shows this clearly: the number of edge used
by gossiping is the predicted value— 75% of the total.

The effect of the “power-of-choice” is demonstrated in Fig-
ures 5.3 and 5.4. While connectivity remains unchanged,
there is marked improvement in the degree profile of the
networks: the maximum degree is reduced by a constant
factor even at moderate sized networks, and the full degree
distribution is less extreme and it is more sharply concen-
trated around the average value implying a more regular
graph.

Finally, in Figure 5.5 we test experimentally to what ex-
tent the connectivity behaviour of G4 and G} coincide. On
the z-axis we report the relative size of the largest connected
component of the two graphs as a function of the number
of points (z-axis) and of the transmission radius r (y-axis).
Surprisingly the two surfaces coincide perfectly. It would
be quite interesting to establish an analytical result in this
direction.
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