
mentally, that is, points are added one at a time. It

is convenient to first construct an artificial d-simplex,

AsO = conv(So), with So = {P_d, . . . ,po}, so that S

is cent ained in it. We should also require that every

d-simplex of 7?(S) is also a d-simplex of the regular tri-

angulation of S U So. The d + 1 artificial points can

be conveniently chosen at infinity. For example, set

wPt = O, and

{

o if–i>j

p~j= +OC if–i=j ,

–co if–i<j

where pij denotes the j-th coordinate of pi, for –d <

i < 0. The symbol ‘co’ is a place-holder for a large

enough number, and this is the easiest way to think

of the artificial points and their effect on the computa-

tions. The particular choice of points guarantees that

7?(S) is a subcomplex of 7Z(S0 U S). In fact, R(S) con-

sists of all simplices of %3(S0 U S) that are not incident

to any point of So.

Global algorithm. Define Si = {p–d, p–d+l, . . . . pi }.

We proceed as follows. Given %2(Si_1), let A = AT be

the d-simplex that contains p;. If, even after adding pi,

A is still regular then 7?(S; ) = 7?(Si _ ~). Otherwise, flip

T U {pi}. This is a flip of type ‘1 to d + 1’. Continue

flipping locally non-regular (d – 1)-simplices until none

remain. The resulting triangulation is 7?(S; ).

We need some more terminology. A (d – 1)-simplex

Au of a triangulation belongs to the link of vertex pi if

AuU{P,} is a d-simplex of the triangulation. The (d –

1)-simplices of the link of pi are called link facets. In

the algorithm given below only locally non-regular link

facets are flipped.

1 Construct 7?(S.) = ASO;

2fori:=ltortclo

3 locate the d-simplex AT in 7?(Si-1 ) that

contains pi;

4 if 7?(7’ U {pi}) # AT then

5 flip TU{p~};

6 while there exist locally non-regular link facets do

7 find a locally non-regular link facet A

that is flippable;

8 flip A

endwhile

endif

endfor.

In section 8 we will argue that it is indeed sufficient to

restrict our attention to link facets when we search for

a remaining non-regular (d – 1)-simplex in step 7. The

details of the whi Ie loop (steps 6, 7, 8) and the point

location operation (step 3) are explained below. As we

will see, the implementation of steps 3 and 4 is slightly

different than indicated above.

Finding and flipping link facets. We now describe

a way to efficiently implement steps 6 and 7. A stack

of link facets is maintai~ed. Each time a link facet A

is flipped, all new link facets are pushed onto the stack.

The search for a link facet that is locally non-regular

and also flippable begins at the top of the stack. If the

topmost link facet is not fiippable or it is locally regular

or it is not part of the current triangulation then it is

simply popped from the stack. In the first case, it could

be that this link facet becomes flippabie later as the re-

sult of some changes in its neighborhood. If this hap-

pens then a neighboring link facet will be added whose

flip implies the flip of the popped link facet. Consider

the case where the link facet A is no longer in the cur-

rent triangulation. A is stored in the stack as a pair

of pointers to the two d-simplices incident to it, Both

d-simplices are no longer part of the current triangu-

lation. To handle this case, whenever a flip removes a

d-simplex, it is marked. If the two d-simplices incident

to a link facet are marked, it is discarded. In fact, the

d-simplices destroyed by flips are maintained in a struc-

ture called the history dug, see below. Each flip adds at

most d facets to the stack. This implies that the total

time required by the while loop is proportional to the

number of flips performed.
,

Point location. The method we use to implement step

3 is a generalization of the two-dimensional technique

of [11]. The history of performed flips is used as an aid

in the search. More specifically, as points are added

and flips are carried out, we maintain the collection of

discarded d-simplices in a directed acyclic graph, called

the history dug.

The history dag has a unique root, which is the d-

simplex A SO. At any moment, the d-simplices of the

current triangulation are the sinks of the dag. Recall

that a flip replaces some k d-simplices of the current

triangulation with some other d + 2 – k d-simplices.

Before the flip, the k d-simplices are sinks of the dag.

Performing the flip means to add the d + 2 – k new d-

simplices as successors to the k old d-simplices. Thus,

the k sinks become inner nodes, and d+ 2 – k new sinks

are added to the dag.

The search with a point pi proceeds as follows. Start-

ing at the root of the history dag, we follow the path

of d-simplices that contain p;. Before proceeding from

a d-simplex A to the next one, we check whether

WP, < m, (pi), where z = z(A). If it is, then the search

terminates because this implies that pi is redundant in

S’i and therefore also in S.

8 Correctness

The algorithm of section 7 could fail for two reasons,

First, if all link facets are locally regular although there
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are other locally non-regular (d – 1)-simplices, then the

algorithm would stop before reaching the regular tri-

angulation. We show this cannot happen. Second, it

could be that the while loop does not terminate, either

because it cycles in an infinite loop of flips or none of

the locally non-regular link facets is flippable. Again we

show this is impossible. We begin with a basic property

of regular triangulations.

Regular d-simplices maximize power distance.

Consider a subset T of d + 1 weighted points clf S,

define A = AT, and let y be a point in the inte-

rior of A. Define z = z(A), hL = g-l(.z+), and

ty(A) = ~.(y) = IZY12 – wZ. Since h* is a non-

vertical hyperplane we can think of it as a function

from Rd to ~ and write hA (y) for its function value

aty=(yl, y2, ..., yd) ~ !li?. As observed in section 3,

we have

~g(A) = W+l – hA(Y),

2. In order to maximize .fV, overwhere yd+l = ~~=1 Yi

all d-simplices A defined by S that cent ain y, we there-

fore need to minimize hA(~). So hA must be the hy-

perplane spanning the lower facet of conv(S+ ) that in-

tersects the vertical line through y. This lower facet is

the lifted version of the d-simplex A of 7?(S) that con-

tains y. We thus have the following result which has

been proved in [20] for d-dimensional Delaunay t rian-

gulations.

Lemma 8.1 Let S be a finite set of weighted points in

R~, and let y E conv(S) be a point that does nck lie

on the hyperplane spanned by any d points of S. (Over

all d-simplices A defined by S that contain y, ~v (A) is

maximized iff A is in %2(S).

For example, consider the case where a set T of d + 2

points plays the role of S in the above lemma. Assume

that T is flippable within some triangulation, and let y

be a point in the interior of the convex hull of T. Let

A’ and A“ be the d-simplices that contain y, where A’

belongs to the triangulation of T before the flip and

A“ to the one after the flip. Then /y (A’) < .fV (A”)

because the triangulation after the flip is the regular

triangulation of T and Alt is part of it.

Link facets suffice. We show that all flips applied

in the course of adding the next point, pi, satisfy the

following two properties. Let T be the set of d+2 points

that is flipped.

(ii) A.ld = AT–{P.I is a d-simplex in WS - I ), and the

flip destroys it.

Properties (i) and (ii) certainly hold for the first flip,

performed in step 5, which adds pi with a ‘ 1 to d +

1‘ flip. Assume inductively that (i) and (ii) hold for

the first j – 1 flips. This implies that all d-simplices

generated by these j – 1 flips have pi as a vertex. So all

d-simplices of the current triangulation that are disjoint

from pi are d-simplices of 7?(Si-1). This implies that if

T ~ S,_l is a flippable configuration then it is locally

regular and T would not be flipped. Thus, property (i)

also holds for the j-th flip. Let T be the d + 2 points

of the j-th flip and consider U = T – {pi} and Au.

This d-simplex either belongs to the triangulation of T

before or after the flip. To get a contradiction, assume

that Au belongs to the triangulation after the flip, that

is, Au is created by the flip. Take a point y in the

interior of AU and let A be the d-simplex in 7?(Si _ 1)

that contains y. We have .fY (Au) > fv (A) because the

flip increases fv and earlier flips either also increase it

or leave it unchanged. But this contradicts Lemma 8.1

which asserts that among the d-simplices spanned by

Si_ 1 that contain y - and both AU and A belong to this

collection – ~Y is maximized by A. So we conclude that

Au is destroyed by the j-th flip, rather than created.

Property (ii) follows for the j-th flip and thus holds in

general.

We thus proved that each flip destroys a unique d-

simplex Aold of X?(S’i_ 1). All other d-simplices de-

stroyed by a flip share pi as a vertex. Except in the first

flip (step 5) there is at least one such d-simplex A’. Aold

and A’ share a (d – 1)-simplex which is thus a link facet.

Right before the flip happens this link facet is flippable

and locally non-regular by assumption. We thus have

proved that it is sufficient to restrict our attention to

link facets when locally non-regular (d– 1)-simplices are

sought .

The while loop terminates. Notice first that the

flip of T increases ~v for all points y in the interior

of conv(T). For all other points y E %!d, fy remains un-

changed. The increase in f value can be viewed as an

indication of the progress made by the algorithm. This

implies that once a k-simplex is destroyed it can never

be reintroduced in the future. Thus, we can be sure

that the while loop does not get caught in an infinite

loop.

Finally, we show that if there are locally non-regular

link facets then at least one of them is flippable. Con-

sider the triangulation T that is reached at some point

in time during the insertion of point pi. The d-simplices

of ‘T that do not belong to R(S~_ 1) are exactly the

ones that have pi as one of their vertices. The union

of these d-simplices is a star-shaped polytope, denoted

by star(pi ). The facets of star(pi) are exactly the link

facets. Let L be the collection of d-simplices A in T

that lie outside star(pi) and share a link facet with

star (pi ). L contains one d-simplex of 7i?(Si– 1) for each

link facet that does not bound the convex hull of S.
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Let L’ be the subset of d-simplices in L that are inci-

dent to locally non-regular link facets. By assumption,

L’ # 0. For each A c L’ consider ~(A) = fP, (A) and

let Amin = AU be the d-simplex that minimizes f. We

prove below that T = U U {pi} is flippable.

BY choice, f(Arni.) < f(A) for all A E L’. All

A E L – L’ are incident to locally regular link facets.

Therefore, wPt < T, (pi), where z = z(A). This implies

f(Amin) < top, < ~z(pi) = f(A).

In other words, Amin minimizes f over all A c L. Con-

sider a half-line, r, emanating from pi that intersects a

link facet in its relative interior. Before intersecting any

other d-simplex outside st ar(pi ), r intersects d-simplices

in L. By Lemma 2.2 f increases along the sequence of d-

simplices intersecting r. Thus, if r intersects Amin then

it cannot intersect any other d-simplex outside st ar(pi )

before Amin. This implies that the sub complex induced

by T = U U {pi} has underlying space equal to conv(T).

In other words, T is flippable.

9 Randomized Analysis

If the points of S are added in a random sequence we can

show that the expected running time of our algorithm

is O(n log n + n r~jzl ). The analysis follows the same

pattern as in [1 1]. We begin with a brief worst-case

anal ysis of the number of flips performed.

Maximum number of flips. The d+2 points involved

in a flip define d + 2 d-simplices, each occurring either

in the triangulation of the d+ 2 points before the flip or

the one after the flip. So one of the two triangulations

has k z & d-simplices. The k d-simplices intersect

in a (d – k + I)-simplex, with d – k + 1 ~ ~. Set

6 = l~j. This implies that each flip deletes at least one

6-simplex or adds at least one. As mentioned in section

8, a simplex is added and deleted at most once, so the

number of flips cannot exceed th,e total number of &

simplices defined by n points. A 6-simplex is spanned

by 6 + 1 points, so n points span (&) 6-simplices. It

follows that the maximum number of flips needed for

a regular triangulation of n points in !li?d is at most
O nr(~+l)/Zl ). This &ould be compared with

2(6:1) = (

the result of Lemma 9.2 below.

The analysis of the running time under the assump-

tion of a random input sequence requires some addi-

tional definitions,

Terminology and k-set bounds. Consider an arbi-

trary subset T of d + 1 points of S and let A = AT

be the d-simplex defined by T. Let z = z(A) be the

orthogonal center of A, and define

Note that II(A) (1 T = 0, and that X(A) = @ iff A is a

d-simplex of 7?(S). Call u(A) = IX(A) I the width of A.

The analysis is based on bounds for the number of

d-simplices with a fixed width k. It will be necessary to

also consider d-simplices incident to points of So. For

each subset Q ~ So and for each O ~ k ~ n, write Ykn

for the collection of subsets T Q Sn, ITI = d + 1, for

which T n So= Q and U(AT ) = k, Furthermore, define

Y:j = ~;=o YkQ.

‘For non-empty Q, the sets Yka are somewhat more

natural if we consider the lifted set S: = {p+ E %!d~l I

p E S~ }. As explained in section 3, the orthogonal cen-

ter of A = AT, T ~ S., corresponds to the hyperplane

that contains the points of T+. The constraint that a

hyperplane contain a point with some arbitrarily large

or arbitrarily small coordinates (symbolized by +CO or

—cm) really means the hyperplane must cent ain a cer-

tain direction. Recall that T n So = Q and that T+

contains w = IQI points with arbitrarily large or small

coordinates. So the hyperplane spanned by T+ must

contain w directions, or equivalently, it must be normal

to an t-flat, where / = d + 1 – w. This l-flat can be

viewed as an embedding of ?J& in @+l.

The maximum cardinalities of the sets l~” relate to

the maximum number of k-sets of a collection of points

in O&. A k-set of a finite point set A G ~ is a subset

B G A of size k for which there is a half-space H in @

with B = A n H. Write gy) (A) for the number of k-sets

of A and define g!$](A) = ~~=1 g~l)(A). The result on

k-sets that is most relevant to our analysis is

g~/(A) = o(nl$lj~$l ),

where n = 1A 1. The proof of this bound in [4] assumes

that / is a constant and j is asymptotically less than

n. If j is proportional to n then the bound is trivial.

Alternatively, this bound can be obtained by a straight-

forward extension of the relevant calculations in [11].

The connection between the sets Ykn and the concept

of a k-set is based on the lifting map explained in section

‘. SolT1=d+l, TnSo= L?,3. Consider a set T E Yk

and for A = AT we have o(A) = IX(A)I = k. Let hA

be the hyperplane in !Rd+l spanned by the points in T+.

The property of the lifting map discussed right before

Lemma 3.1 implies that X(A)+ D S+ fl ~ for one of the

two open half-spaces H bounded by h~. Thus, 2(A)+

is a k-set of S+. Furthermore, if C? # 0, So, then hA

is normal to an l-flat Fn, where ./ = d + 1 – IQI.For

a point p E S Iet p. be the orthogonal projection of

p+ into Fn. Extend this definition to sets, so that for

example Sn = {pn I p c S}. With these definitions,

X(A)Q is a k-set of Sn. So we can use the above bound

on the number of k-sets and obtain the following result.

X(A) = {p= S I n.(p) < WJP}.
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Lemma 9.1 For all Q ~ SO, we have lY~ I s

g~/(Sn) = 0(nll/21j[t/21), where 1 = d + 1 – Ifll.

Expected number of d-simplices. Using Lemma

9.1, we now derive a bound for the expected numlber

of d-simplices that appear during the construction of

7i?(Sn ). We also need the following observation. Con-

n. The probability that A = Arr issider a set T E Yk

a d-simplex of a regular triangulation 7?(Si ), for some

1 ~ ~ ~ ‘~ is (k+l)(k+:)... .(k+l)~ ‘here 1 = ‘+1– IQI as
usual. This is because the probability is the same as the

one of adding the f? points in T n S before any of the k

points in Z(A). Call such a d-simplex A non-transient.

Lemma 9.2 The expected number of non-transient d-

simplices is O(n [d/21).

Proof. The expectation, E, can be calculated as the

sum of probabilities.

E = ~ ~ ~ Prob[AT is non-transient].

Qgso k=oz’~y:

We can replace the last sum by the cardinality of Ykn

times the probability y calculated above.

E = ~l!~
Iy?l

Ogso
,=o(k+l)(k +2) . . . ..(k+l)

Iy&k 1
= x&(k+l) . . . ..(k+l)

Q<so k=O

n—1

-~(k+2)..’3L+l+ l))

Iy:n I
= Z’!((n+2) . . ..(n+L+1)

clgso

~ “ ly~kl
)+h(k+l) . . . ..(k+l+l)

k=o

We can now use Lemma 9.1 and obtain

where c is some positive constant. Note that both f

and the cardinality of So are constants because d is a

constant. This implies E = O(n [z/21). ❑

The above argument only counts non-transient d-

simplices that occur during the construction of 7?(.% ).

There are also transient d-simplices that occur. A tran-

sient d-simplex is constructed during the insertion of

new point, say pi, and is destroyed before the regular

triangulation of S~ is completed. As mentioned earlier,

each flip destroys at least one d-simplex of 7?(Si-1 ), and

it creates at most d + 1 d-simplices. It thus follows that

the total number of transient d-simplices constructed by

the algorithm is at most of the same order of magnitude

as the number of non-transient ones. Thus, the bound

in Lemma 9.2 applies also to the expected number of

transient d-simplices.

Point location. The amount of time spent for locat-

ing pi (step 3) is proportional to the length of the tra-

versed pat h. The accounting is done differently for tran-

sient and for non-transient d-simplices. If A is a non-

transient d-simplex on the path of pi, but not the last

d-simplex on this path, then pi E X(A). If A is tran-

sient then we find a non-transient d-simplex At with

Pi E ~(A’) that is not used in the accounting of the

cost for pi yet. Since A is transient, there is a flip that

removed A from the triangulation, and this flip also re-

moved at least one non-transient d-simplex. A’ is one

of these non-transient d-simplices. Notice that A’ is

counted only once for point pi. In summary, the point

location cost for pi is bounded by one plus the num-

ber of non-transient d-simplices that contain pi in their

sets E. Therefore, n plus the sum of o(A) over all non-

transient d-simplices A is an upper bound for the total

cost that occurs in step 3 of the algorithm.

Lemma 9.3 The expected cost of point location is

O(nlogn + nrd/21 ).

Proof. As in the proof of Lemma 9.2, we can compute

the expectation, E, of ~ u(A) by summing probabili-

ties. We sum over all non-transient d-simplices A.

n

—— O(n logn + n[d/21),

where c is some positive constant and 1 = d + 1 – Ifd 1,

as in Lemma 9.2., ❑

Apart from the point location cost, the algorithm

takes only constant time per flip. Lemmas 9.2 and 9.3

thus imply that the total expected running time of the

randomized incremental version of the ahzorithm in sec-

tion 7 is O(nlogn + n[~/21).

10 Concluding Remarks

Delaunay triangulations, and more generally regular tri-

angulations, have a fair number of applications, includ-

ing the generation of meshes of point configurations
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and the construction of so-called alpha shapes [8, 10].

Indeed, the main motivation for studying the prob-

lems solved in this paper is our intention to implement

weighted and unweighed alpha shapes in dimensions

beyond 3?3. It would be interesting to conduct an ex-

perimental study comparing the algorithm of this paper

and its main contenders for constructing d-dimensional

regular triangular ions. These are probably the random-

ized algorithm of Clarkson and Shor [4] and the output-

sensitive algorithm of Seidel [22].
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